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Abstract We consider conforming finite element approximations for the time-dependent
Oberbeck-Boussinesq model with inf-sup stable pairs for velocity and pressure and use
a stabilization of the incompressibility constraint. In case of dominant convection, a local
projection stabilization method in streamline direction is considered both for velocity and
temperature. For the arising nonlinear semi-discrete problem, a stability and convergence
analysis is given that does not rely on a mesh width restriction. Numerical experiments
validate a suitable parameter choice within the bounds of the theoretical results.
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1 Introduction

In this paper, we consider non-isothermal incompressible flow using the Oberbeck—
Boussinesq approximation [1,2]. This model is applicable if only small temperature
differences occur and hence, the density is constant. The equations read:
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oou—vAu+ u-VYu+Vp+p6g=f, in (0,T) x £2,
V-u=0 in (0,T) x £,
00 —aA+m-V)0=fy in (0,T) x 2 (1)

together with initial and boundary conditions in a domain 2 ¢ R?,d € {2, 3}, with boundary
982. Here u: [0, T] x 2 — R4, p:[0,T] x 2 — Rand 6#: [0,T] x 2 — R denote
the unknown velocity, pressure and temperature fields for given viscosity v > 0, thermal
diffusivity o > 0, thermal expansion coefficient 8 > 0, external forces f,, fg, gravitation
g.

Discretizations using finite element methods (FEM) often suffer from spurious oscillations
in the numerical solution that arise for example due to dominating convection, internal shear
or near boundary layers or poor mass conservation.

The so-called grad-div stabilization is an additional element-wise stabilization of the
divergence constraint. It enhances the discrete mass conservation and reduces the effect of
the pressure error on the velocity error (cf. [3,4]). It plays an important role for robustness.

A common way for dealing with oscillations due to dominating convection is the use of
residual-based stabilization methods [5—7]. The idea is to add consistent stabilization terms
to the variational formulation in the sense that the additional terms vanish for the exact strong
solution. In particular, they penalize the residual of the differential equation. The bulk of non-
symmetric form of the stabilization terms and the occurrence of second order derivatives in
the residual are drawbacks regarding the efficiency of this method.

That is the reason why we consider another approach here. Local projection based stabi-
lization (LPS) methods rely on the idea to separate the discrete function spaces into small
resolved and large resolved scales and to add stabilization terms only on the small scales.
In [8], LPS methods are analyzed for the stationary Oseen problem, where an additional
compatibility condition between the approximation and projection velocity ansatz spaces is
assumed. Thus, stability and error bounds of optimal order can be established. Furthermore,
suitable simplicial and quadrilateral ansatz spaces are suggested that fulfill the compatibil-
ity condition. In the paper [9], the authors provide an overview regarding stabilized FEM
for the Oseen problem, in particular for local projection stabilization (LPS) methods using
inf-sup stable pairs. The unified representation gives an overview over suitable ansatz spaces
including parameter design.

In [10] and [11], conforming finite element approximations of the time-dependent Oseen
and Navier—Stokes problems with inf-sup stable approximation of velocity and pressure are
considered. For handling the case of high Reynolds numbers, local projection with streamline
upwinding (LPS SU) and grad-div stabilizations are applied and stability and convergence
are shown. For general LPS variants, a local restriction of the mesh width is required to obtain
methods of (quasi-)optimal order; this can be circumvented by using the compatibility con-
dition from [8]. The positive effect of additional element-wise stabilization of the divergence
constraint becomes apparent in the analysis as well as in the numerical experiments. Recent
results from [12] for the time-dependent Oseen problem reinforce the benefits and stabilizing
effects of grad-div stabilization for inf-sup stable mixed finite elements. The authors show
that the Galerkin approximations can be stabilized by adding only grad-div stabilization.

Early numerical analysis for thermally coupled flow can be found in [13-15]. In [16,
17], subgrid-scale modeling for turbulent temperature dependent flow is considered. Since
local projection and grad-div stabilization have proven useful for a large range of critical
parameters, we want to apply them to the Oberbeck—Boussinesq model (1) and assess their
performance.
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This paper is structured as follows:

In Sect. 2, we introduce a finite element semi-discretization for the Oberbeck—Boussinesq
model with grad-div and LPS SU stabilization and prove stability in Sect. 3.

We extend the convergence analysis without compatibility condition from [10] for the
Oseen problem and [11] for the Navier—Stokes equations to the thermally coupled setting in
Sect. 4. Here, we can circumvent a restriction of the mesh width. The estimates rely on the
discrete inf-sup stability of the velocity and pressure ansatz spaces and the existence of a
local interpolation operator preserving the divergence as well as on relatively mild regularity
assumptions for the continuous solutions. The convective terms are treated carefully in order
to circumvent an exponential deterioration of the error in the limit of vanishing diffusion.
Furthermore, a pressure estimate is given using the discrete inf-sup stability. The applicability
of the proposed methods to possible finite element settings is discussed and the design of
stabilization parameters is studied.

The subsequent Sect. 5 is devoted to the numerical simulation of incompressible non-
isothermal flow. First, we present the time-discretization of the model and state some
analytical results. We use a method called pressure-correction projection method, which
incorporates a backward differentiation formula of second order. We validate the theoreti-
cal convergence results with respect to the mesh width and study the influence of grad-div
and LPS stabilization on the errors for the parameter range suggested by the analysis. As a
more realistic flow, Rayleigh—Bénard convection is considered. The stabilization variants are
applied and their performance evaluated via suitable benchmarks.

2 The Discretized Oberbeck—Boussinesq Problem

In this section, we describe the model problem and the spatial semi-discretization based on
inf-sup stable interpolation of velocity and pressure together with grad-div and LPS of the
velocity and temperature gradients in streamline direction.

2.1 The Oberbeck-Boussinesq Model

Let 2 C RY, d e {2,3}, be a bounded polyhedral Lipschitz domain with boundary 3£2.
For simplicity, we consider homogeneous Dirichlet boundary conditions for velocity and
temperature.

In the following, we consider Sobolev spaces W7 (£2) with norm || - [|wm.r(2), m €
No, p > 1. In particular, we have L?(£2) = W%P(£2). For K C 2, we will write

lullo == lullr2@y.  llullo.x == lullr2(k),

lulloo = llullzee(2),  Nutlloo,x = llullLe(k)-

Moreover, the closed subspaces WO1 2 (£2), consisting of functions in W12(§2) with zero trace
on 452, and L%(.Q), consisting of L2-functions with zero mean in §2, will be used. The inner
product in L2(K) will be denoted by (-, ). In case of K = £2, we omit the index. With
this, we define suitable function spaces:
V.= 1,2 d 72 . 1,2
= [Wy (8], 0 = Ly(£2), O = Wy (£2).

The variational formulation of (1) for fixed time ¢ € (0, T') reads:
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Find (u(t), p(1),0(t)) € V x Q x © such that it holds for all (v,q,¥) € V x O x O®

(Oru(r), v) + (WVu(t), Vo) + ¢, (u(t); u(t), v)

—(p@®),V-v)+(BO@)g.v) = (fu(®), v), 2)
(V-u(),q) =0,
0:0(t), ¥) + (@VO(t), Vi) +cou(t); (1), ¥) = (fo(t), ¥) 3)

with

1
cu(wiu, v) = = [((w-Viu, v) — ((w- V)v. u)],

1
co(w: 0, ¥) := 5 [((w- V)0, 9) = ((w- V). 0)].

The skew-symmetric forms of the convective term ¢, and ¢y are chosen for conservation
purposes. The forces are required to satisfy f, € L2(0, T: [L2(2)]1D)NC(0, T; [L2()]D),
fo € L2(0, T; L2(2))NC(0, T; L>(£2)) and g € L°°(0, T; [L*°(£2)]?) and the initial data
is assumed to fulfill ug € [L?(£2)]%, 6p € L?(£2). In this paper, we will additionally assume
we L0, T; [Whe2)19) and 6 € L2, T; W-°(£2)) which ensures uniqueness of
the solution.

2.2 The Stabilized Semi-Discrete Model

For the discretization in space, FEM are applied. For the Galerkin formulation of (2), (3),
we approximate the solution spaces V, O, ® by finite dimensional conforming subspaces
Vo, CV,0, C Q, 0, C ®. We impose a discrete inf-sup condition for V; and Qj
throughout this paper: Let V;, C V and Q) C Q be FE spaces satisfying a discrete inf-sup-
condition

V- vy,
infosup o dn) g @)
an€Qn\M0} pyev,n(0y IVUrllolignllo

with a constant S, independent of /.
In particular, due to the closed range theorem, the set of weakly solenoidal functions

VI = {on € Vi | (qn. V- vn) =0V gi € O} ©)

does not only consist of the zero-function.

The semi-discrete Galerkin solution of problem (2), (3) may suffer from spurious oscilla-
tions due to poor mass conservation and/or dominating advection. The idea of LPS methods is
to separate discrete function spaces into small and large scales and to add stabilization terms
only on small scales. The grad-div stabilization is an additional element-wise stabilization
of the divergence constraint and enhances the discrete mass conservation.

Let {75}, {My}, {L£;} be admissible and shape-regular families of non-overlapping trian-
gulations. { M} and {£;,} denote macro decompositions of £2 for velocity and temperature,
which represent the coarse scales in velocity and temperature. In the two-level approach, the
large scales are defined by using a coarse mesh. The coarse mesh My is constructed such
that each macro-element M € My, is the union of one or more neighboring elements 7' € 7j,.
In the one-level LPS-approach, the coarse scales can be represented via a lower order finite
elements space on 7;,. Another way is to enrich the fine spaces. We can use the same abstract
framework by setting M, = 7j,. L}, is constructed analogously for the temperature.
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There is n7; < oo such that all M and L are formed as a conjunction of at most n;, cells
T € 7;,. Denote by ht, hys and hp the diameters of cells T € 7, M € M, and L € Ly,
respectively. In addition, we require that there are constants Cy, C» > 0 such that

hr <hy < Cihr, hy <hp <Cohy YT CM, TCL, MeMy, LeL.

We denote by Y/, Y,? C HY(£2) N L>™(£2) finite element spaces of functions that are con-
tinuous on 7;. We consider the conforming finite element spaces

Vi=[19nv, oncy/no, e,=Y/ne

for velocity, pressure and temperature, where Y} is a finite element space of functions on
T,,. Moreover, let D’jwh C [L® (D)9, D%h C L°°(£2) denote discontinuous finite element
spaces on My, for uj, and on Ly, for 6, respectively. We set

. 6 . 0
Dy = {oalu: vw e DYy} D = {wnle:vn e DR}
Later, we will write for combinations of finite element spaces

(Vi/D%) A Qi A (O DY).

If no LPS is applied, we omit the respective coarse space in the above notation. For M €
My and L € Ly, let y, [L2(M)) — Dy, 712: L3 (L) — Dz be the orthogonal L2
projections onto the respective macro spaces. The so-called fluctuation operators are defined
by

Kl L2 — (L2, k8 LA (L) — LA(L),

u . u 0 .__ %
Ky i=1d — gy, kyp =1Id —mj.

For all macro elements M € Mj, and L € Lj, we denote the element-wise constant
streamline directions of u, € V;, by uy € R? and u; € R?. One possible definition is

1 1
uy = M/Muh(x) dx, up:= m/Luh(x) dx. (©6)

With the introduced notation, we can define the spatially discretized Oberbeck—Boussinesq
model with grad-div and LPS SU stabilization:
Find (up, pn,6n): (0, T) — V5 x Qp X O such that for all (vp,, g, Y1) € Vi X Qp X Op:
@cun, vi) + WVup, Vop) + cu(un; p, o) — (pr, V- i)
+ (Vun, qn) + (BgOh, vi) + suup; up, vp) + th(ups up, vp) = (fu, vn),  (7)
(0:6h, ¥n) + (@VOu, Vi) + co(un; Op, i) + so(@ns O, ¥in) = (fo, ¥n) (®)

with the streamline-upwind (SUPG)-type stabilizations s, s9 and the grad-div stabilization
t, according to

sulwp; w,0) 1= D T (wan) gy (g - V)w), el (i - V))) g,

MeMy,

so(wn; 0,9) == D ] (wr) (k] (wr, - V)6), k] (wr - VIY))L,
Lely

(wpiu,v) = D yua)(V-u,V-v)y
MeMy
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and non-negative stabilization parameters ty;, TZ, M.
Although the grad-div stabilization parameter could be defined element-wise, we here con-
sider it on the macro element level as well for simplicity. As we will see, this does not pose
a major restriction. The set of stabilization parameters y, (1), rz (un), ym(up) has to be
determined later on. Let the initial data be given as suitable interpolations of the continuous
initial values in the respective finite element spaces as

up(0) = jumo = upo € Vi C LAY, 64,(0) = jobo =: 6ho € O C LA(2),

where (ji,, jo): V x ® — V; x O denote interpolation operators. We remark that for
solenoidal ug, we can find an interpolation operator j, such thatu, o € V ﬁi” (cf. [18]). We
point out that due to the discrete inf-sup condition, we can search for (uy, pp,05): (0, T) —
Vv x Q) x Oy in (7), (8) equivalently.

3 Stability Analysis

We address the question regarding the existence of a semi-discrete solution of (7), (8). This
is obtained via a stability result for u; € V ;f”’ and 0, € Oy; it yields control over the kinetic

energy and dissipation. The definition of the mesh-dependent expressions below is motivated
by symmetric testing in (7), (8). Forv € V and 6 € ®, we define

0111 ps == vIVOIZ 4 50 (s v, v) + 1 (up; v, v),
10113 ps := @I VO3 + 5o (un; 6, 6),

T
2 . 2
191220715 = /0 o)1 ps dt,

T
”0”i2(0,T;LPS) ::/0 160()]I7ps dr.

The following result states the desired stability.
Theorem 1 Assume (uy,, py, 0p) € VZ”’ X Qn X Oy is a solution of (7), (8) with initial data
up € [L2(2)19, Ono € L2(2). For0 <t < T, we obtain

1Rl Looo,r:22¢2)) = N6n0llo + I follro.7:22(2y) = Co(T, On.05 fo),

Nanllpooo.:r22y) < l#nollo + 1fullLio,7:12¢2))

+ Blglo,7.L00) (I16.0ll0 + 1l fo ||L1(0,T;L2(_Q)))

2 Cu(T, w0, 00,0, fu, fo),
160nll20,0:p5) < Co(T, On0, fo).
lunllz20,:0ps) < Cu(T, w0, 0h,0, fu, fo)-

A

Proof Let us start with the first claim for the temperature. Testing with ¥, = 6, € ©®}, in (8)
gives

1d
Eallghllé + 1100117 ps = 6, On) + VORI + 5o (uns O, 1) = (fo,01).  (9)
Due to sg (uy; 6y, 6n) > 0, it follows

l16n d||9 I —1d||9 15 < I follol6nll =>d||9 lo=<1foll
wllo =110k llo = 5 =116kl = Wl folloliBhllo = —11Pkllo =l follo-
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Integration in time leads to
16r (D llo = W6h,0llo + Il follLro,7:22(2y) = Co(T, On0, fo)- (10)

For the velocity, we test with (u;, 0) € VZi” X Qp in (7)

1 2 2

Ealluhllo + lunlllzps

= (Orup, up) + WVup, Vup) + s, (up; wp, up) + typ(Wp; wp, wp)

= (fu— BgOon, up). (11)

We obtain
upllo upllo = u 0+ }3 g 6 u .

Hence, %Iluhllo < || fullo + BliglloollOnllo. Integration in time and using stability of the

temperature (10) give:

lun(®llo < llunollo + 1 full 0.1 12(02))
+ BlglL10,:1002) 10k I Loo 0.1 L2(02))
< llunollo + 1 fullLro,7:02(02))
+Blgl o) (10n0lo + 1 foll L 0.7:22(2))
= Cu(T, upn0, 0.0, fus fo) (12)

for all ¢ € [0, T']. In order to estimate the diffusive and stabilization terms, we go back to
(9), integrate in time and apply (10):

t t
1
/ 164 (0)] 20 7 < / 1o @ ool dr + 3 161013
0 0
= 100l L2 1 foll L1 0,1:12(2))
1
+ 5||9h,0||(2) < Co(T, 00, fo)*.

The analogous procedure for uy, starting from (11) and using (12), yields:

t t
/0 (D117 ps dT s/o I1fu(®) — BEOR(Dllollun(T)lo dT + %nuh,oné
< Nunlipeo.r 122y (WfullLior 2@y
+Bl1gl L1 0.1 L2 100l L 0.1:22(2)) + %lluh,ollﬁ
< Cul(T, wp 0,00 fus fo)*.

[m}

Remark 1 The discrete inf-sup stability yields a stability estimate of the pressure as well.
The above theorem gives us existence of the semi-discrete quantities due to Carathéodory’s
Existence Theorem. If we assume Lipschitz continuity in time for f,, fs and g, the Picard-
Lindelof Theorem yields uniqueness of the solution.
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4 Quasi-Optimal Semi-Discrete Error Estimates

In this section, we derive quasi-optimal error estimates in the finite element setting introduced
above.

For the analysis, we introduce a decomposition of the error into a discretization and a
consistency error. Let (ju, jp, jo): V x Q x @ — Vj x Qp x @y denote interpolation
operators. We introduce

Eupni=u—up,  Epn:=p—pn Egn:=0—0h

Wup =W = Julls  Npn'=p=Jjpp>  No.n:=0—jsb,

€uh = jull —Wp,  €pp = JpP = Phs €0 = Jot — Op. 13)
Indeed, the semi-discrete errors are decomposed as &, , = 1, + €w.n, Ep.n = Np.n + €pn

and &, = ng.n + €g,n-

4.1 Assumptions

For the semi-discrete error analysis, we need the following assumptions for the finite element
spaces and stabilization parameters.

Assumption 1 (Interpolation operators) Assume that for integers k, > 1,k, > 1, kg > 1,

there are bounded linear interpolation operators j,: V — V, preserving the divergence and

jp: @ — Qpsuchthatforall M € My, forallw € VN[Wh2(2)]1? with 1 <1, <k, +1:
. . lu

lw — juwlom +halIV@ = juw)llo.r < CRY w2y (14)

and forallg € Q N Wr2(2) with 1 <1, <k, + :

. . 1,
lg = jpallon +hmlIV(g — jp)llo.m < Chypllgllyina, (15)
(wm)

on a suitable patch wys 2 M. Let forall M € My,
v — juvlloo,m < Charlvlyioeq,) Yo €W (16)

There is also a bounded linear interpolation operator jy: & — ©), such that for all L € £,
and for all ¢y € @ N W*-2(2) with 1 < ly < kg + 1:

¥ — jovrllo.L +hlIV — joy)llo.L < Ch’{’ 1V o2 (e, ) 17
on a suitable patch wy, 2 L. In addition, assume for all L € L, M € M,
IV = joWllso.L < ChLl¥lwicow,, YV € Wh(82),

1 — joVllcomr < Chu|¥lwioe(,) Y¥ € Whe(R). (18)

The last property (18) for jg holds due to the fact thatall M € M, and L € L), are formed as
a conjunction of at most nz; < oo cells T € 7;,. If the interpolator is constructed such that
the above estimates hold true on all T € 7, the same localized estimates hold on M € My,
and L € L.

Assumption 2 (Local inverse inequality) Let the FE spaces [Y, }’l‘]d for the velocity and Y,?
for the temperature satisfy the local inverse inequalities

IVwyllo,m < Chyfllwnllon Ywy € (Y19, M € My,

IVYnllo.. < Chy ' 1Wnllor Vm €YY, L e Ly.
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Assumption 3 (Properties of the fluctuation operators) Assume that for given integers k,,,
ko > 1, there are [, € {0,...,k,} and [y € {0, ..., kg} such that the fluctuation operators
ky = 1d — 7, and /cz =1d — 712 provide the following approximation properties: There
is C > 0 such that for w € [W"2(M)]¢ with M € M;,,1 =0, ..., 1, and for € W"2(L)
with L € L, r =0,...,lp,itholds

l [
lkpwllom < Chyllwllwizagy. k¥ llo < CRp IV w2y

Note that this is a property of the coarse spaces D'}, and Dg andis always true for/, = Ilg = 0.
Furthermore, we need to satisfy some requirements on the stabilization parameters:

Assumption 4 (Parameter bounds) Assume that for all M € My, and L € Ly:
u 2 oo u
L>0,T), >0,
amax Ty (wa)lup|” € L0, 7) Ty (Um)
—1 o]
€ L™, T), >0,

pnax (ym@m) + ym @) ™") 0,7) ym (W)

max 7 (uy)lur|* € L0, T),  t](uL) > 0.

LeLly
4.2 Velocity and Temperature Estimates

This gives rise to the following quasi-optimal semi-discrete error estimate for the LPS-model.

Theorem 2 Let (u, p,60): [0, T]1 — V"< QxO, (un, pp, 0p): [0, T]1 — VIV'x 0y x 6,
be solutions of (2), (3) and (7), (8) satisfying

ue L0, T; W1, auel?0,T;[L*(2)]Y), pelLl’0,T;0NC(R)),
6 L>®0,T; Wh®(Q)), 86 e L*0,T;L*2)), upeL®0,T;[L®E)]D).

Let Assumptions 1, 2 and 4 be valid and un(0) = j,ug, 6,(0) = jyby. We obtain for
ey n = jull — Up, eg.p = joO — O of the LPS-method (7), (8) forall0 <t <T:

2 2
”eu,h ”LOO(O.t;LZ(.Q)) + ”eé,h ”LOO(O.t;LZ(.Q))
t
+ / (I1lewn (@17 ps + 1lean (D117 ps) dr
0

t
< CG.n@.0,up)(t—1)
) >

MeM,;,

+ By Iy (O g + 183, (O3 01

u 2,u 2 . ﬂ L 2
+ Tyl "Ny (V) (0)|[g 5 + min >’ 7 7.8 (D)5, 1

[(v + i lum I + yu )1V, 4 (D15

+ 2 [1men@IF + (12 + Blglioe.c ) ne.s(OIF
LeLly

+ (@t flur ) 1m0 @, + ol Pk (0@ |  de
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with (1, Np.hs Me.n) = (@ — jutt, p — jpp, 0 — jaO) and the Gronwall constant

Con(w, 0,up) = 1+ Bligloo + llyrig) + 10wioe (o) + I3

I’l2
2 2 M. 2
S T Ry LN

—1 2 2 2
+ v e + s {13108 |

+ max @|9|2 + max {)/71||9||2 ] 19
ey | vm Wl.oo (M) MeM, M oco,M | *

Proof We use the interpolation operators j,: V — V;, preserving the divergence, jo: ® —
Op and j,: O — Qj from Assumption 1. Note that j,u € V;fi V. Subtracting (7) from (2),
testing with (v, qn) = (e,.5,0) € Vf"” x Qp, and using (13) lead to an error equation for
the velocity:

0= (3w —wup), ey n) + V@ —up),Veyn) —(p — pn, V- ey ) + cu(u; u, ey p)
—cu(up; up, ey n) — su(Up; wp, eyn) — th(@p; wp, eyn) + (BgO — 0n), eun)
= (3N p> €u.n) + (Or€un, €un) + WV, Ve n) + (Veyn, Vey )
— (Mpn> V-eun) +cy@;u, ey n) — cu(up; up, ey n) + sy (Wn; €y s € n)
+ s @n; Ny s €un) — Su(ps u, ey pn) + th(Wns ey, €un) — th(Wns jult, €y )
+ B(geo.n, euwn) + B(&No.1ns €u.n),

where we used (e, ;, V-, ) =0duetoe, ) € V,f””. With the definition of ||| - |||zps and
the fact that (V - u, g) = 0 for all ¢ € L?(£2), this implies

1 2 2

Zat”eu,h”o + [llewnlllzps

= —(0 My p> €u.n) — vV 4, Veun) + pn, V- eyn) +cu(un; up, ey n)
—cu(usu, ey n) — sy (Wns Ny ps €u ) — th(@p; Ny ps €uh)
+su(upsu, ey n) — B(geon, eun) — B(E&No,1s €un)-

The right-hand side terms are bounded as:

1
2 2
@M p> €wn) = N0y plloll€wnllo = 71105 llo + ll€w.nllo.

(Vi Veun) < VIV, lolllewnlLps.

1/2
. (d 1 )
-V ean) < [ D mm(—,—)nnp,hno,M lllew,nlllzps.
MeM,, VoYM
1/2
—su(@n: g ean) < | D Thrlum PV G0 | Hlewnllles.
MeMy
12
—thup; Mg ewn) < [ D vmdIVa 50 | lewnlllzes.
MeMy
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12

. 2 2
sulwniw,enn) < [ D thlum Pl (V)G | Hlewnlllps,
MeM,,

1
1B(geo.n, eun)l < Zﬂuguooneu,hu% + Bligloslieanll

3 1
\B(gno.ns ewn)| < Zﬂugnwneu,hn% + gﬁ”g”oo”ﬁo,h”(z)-

Therefore,

5 t eu,h||o+|||eu,h|||LPs

1
2 2 . .
< Z”atnu,h”o +llewnllo + cu(un: up, ey n) — cu(u; u, ey )

1/2
+ | VIValo+ | D Thrlum PV, 415 0
MeM,,
1/2 172
2 (4 1 2
2 vmdIValg ) | 20 min (S )il
MeM,, MeM,, Y™
1/2
H D0 iluw Pl (Va)lIg llew.nlllzps
MeM,,
Blgll
+ Bliglloo (lleo 15 + llewnllg) + =5 lIno.nl

and thus via Young’s inequality

1 2 2
28t||eu,h||() + (1 =2e)lllew.nlllzps

—_

<

2 2 . .
”8!771,4,}1”0 + ”eu,h”() + [Cu (uhs up, eu,h) - Cu(ll, u, eu,h)]

3
5 2 2
to 2 [(v+rx4|uM| + ymd) 1V, 4115 1

. 1
+ min (f, 7) 115,01 + rmumznxmvmném]
vV Ym

Bliglloo
3

+ Bligloo (Ilea.nlly + llewnlld) + Ine.nll3-

Lemma 1 from the appendix yields for the convective terms:

cu(usu, ey p) —cy(up; up, ey p)

C 1 2 2 2
- 2 16,00 + 3€ M pllZps + 3€lllewnll Zps
MeM, "M

(20)
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c h2
2 2 ~ M 2
+ |:|u|W1’°°(Q) + € Mn’eli)/(lh{hM|u|W1,oc(M)} + 6 MHEI.E}\)/((}, ( Vi |u|Wl°°(M)]

c -1 2 2 2
+ — max u +€llu [4
p Mth{”M lullse, ar} + €llunlls | llewnlls

We incorporate this into (20) and obtain with a constant C independent of the problem
parameters, hyy, h, the solutions and €

1 2 _ 2
2at||eu,h||() + (1 =56)lllewnlllzps

1 C 1
= glomali+ = 2 o
MeM, M

2
19,1110, 01

2 2
+ [1 + Bliglloo + |ty (o) + € Mnel.%\)}lh{hM|ulwl,o<:(M)}

+£ max i|u|2
€ MeMy |y WhEOD

C
- 2 [(v+rx4|uM|2+de) IV 1500
MeM,,

o fd 1
+ min (;, ViM) ”7717,h||%’M + rl’{4|uM|2||K1L(4(Vu)||(2),M]

+ Bligloclieanli§ + CBIg oo lIne.nll3- (21)
Now, subtracting (8) from (3) with ¥, = ey, € ©), as a test function leads to

1

S lleo. 113 + 1lea.n 12 ps

= —(0no,n»eo,n) — (Vo n, Veg p) + co(un; O, eo,n)
—co(u; 0, e0.n) — soWpn; Ng,hy eo,n) + So(up; 0, e0.n).

With estimates for the interpolation terms and Young’s inequality, we have

1
S dlleanllg + (1 = 2€)lleq n]lzps
1
=< Z”atn(?,h”(z) + llea.nllg + co s 6, eo.n) — cous 6, e0.1)

3
+ 5 > [(a+r2|uL|2) ||Vn9,h||%,L+r2|uL|2||x2(ve>||%,L]. (22)
LEE},

The combination of (22) and the difference of the convective terms in the Fourier equation
according to Lemma 1 (in the appendix) with a constant C independent of the problem
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parameters, /s, hy , the solutions and € gives

s I 2,01-8 2
o eg.nllg =+ ( €)lles.nllips

1 C 1 C
< ZMomanls+— > o lnenlig.. + - > h2 192,115, 31
LeL, 'L MeM,,

1
+ 3€lllmulZps + 3elllewnlllzps + 5101w lewnl

1 2 2 1p12
+ [1 + 5|9|W1.oc(9) +ellunlls, + € Mnelfj‘\’/‘lh{hM|9|whoo(M)}
c h o ¢ —1ygp2 2
+— max [VM 101100y [ T ?MHEI?\)/(l/,{yM 101501 | Nleo.nllg

C
+- 2 [(a+r§|uu2) ||Vn9,h||%,L+r2|uL|2||Ki<ve>||%,L}. (23)

Note that

Nmalllzps = D (v + whglunl® + ymd) 1V0,515 01
MeMy

Adding (21) and (23) results in

1 1
0 lewnlld + (1 —8e)llewnlllps + Eatnee,hn% + (1 — 86)[eq 1112 ps

—

C 1

< < l19munllg + ||ame,h||%+— > I nlga
€ h

MeM,,

~

2 2
+ [1 + Blglloo + lulwroc (o) + GMHEI%h{hM|u|WI,00(M)}

2
- 2
T M“é%‘h(y |"|wloo<M)]+e||uh||oo
C o 1 :
— max u —109 ~ e
+ € MeM;,{yM 215, 02} + 2' lw. (.(z)] llew,nllp

C
+ (? + Ce) D (vl + vud) V0,515 01
MeMy

C . fd 1
+- 2 [mm (;, TM) 171 115,30 + rK4|uM|2||KK4(Vu>||%,M]

MeM,,
+ > ( +Cﬁ||gllooL) o113,
LeLly
+ |: |9|W1 2 (82) +6”uh||oo +ﬂ”g”00 +e€ max {h |9lwl °°(M)}
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¢ h121/1 0 ¢ ~11911% 2
+ — max | |W1°°(M) +:MH€1?/1\§11’{VM ” HOO,M} ”69,/’1”0
c
+- 2 [(a+r§|uL|2) IV16.1115 1 +r£|uL|2||xi(ve>||%,L}.
Lely

We choose € = % and get (where < indicates that the left-hand side is smaller or equal than
a generic constant times the right-hand side)

2 2 2 2
Orllew,n ||0 + [lI(ewu,n, €p, h)|||LPS + 0 ||69 h||() + |[99,h]|LPs

S N0m pllg + 19menls + D " ||m,h||0M
MeMy

2 2 2
+ [1 + BlIglloo + lulwie(o) + Mnele‘}\)/(th{hM|u|Wl,oo(M)} + llunlze

2
+ max h—M|u|2 ooy (F max (v, ullZg ) + 101wioo ) | llewnlld
MeM; | Ym WEee (M) MeM,, M 0, ’

+ Z (v + Tiglup > + yard) 190, 4115 00

MeMy
d 1
+ >0 (min (= — ) Inpallg ar + i lwadlicy (Vi) 13 4
v’ YM
MeM,,
+ > ( +ﬁ||g||ooL) In6.4 113, 1.
Lely

2 2 2
+ [1 +10lwreoey + llunlls, + Bligloo + Mnrelgéh{hMIOIWm(M)}
h12l/1 2 1 2 2
Mg e
+Mn613\§h yMI IWico () +MI2%{VM 10115001 | llea.nllg

+ > [(a+r2|uu2) ||V776,h||(2),L+TE|UL|2||K2(V9)||%,L]-
LeLly

We require that all the terms on the right-hand side are integrable in time. This holds due
to the regularity assumptions on u and 6, Assumption 4, g € L*(0, T; [L*®(£2)]¢) and
the fact that the fluctuation operators are bounded. Application of Gronwall’s Lemma for
l(ew,n, eg,h)||% = |ley.n ||% + lleg,n ||% defined in Theorem 2 gives the claim since the initial
error (e, ,, eg,)(0) vanishes. ]

Corollary 1 Assume that the solution (u, p,6): [0, T] — ydiv 0 x 0 of (2), (3) and
the solution (uy, pp,6p): [0, T] — V,i“” X Qpn X Oy of (7), (8) satisfy

we L®0, T: [Wh (@)1 N L0, T: [WhH12(2)19),

du € L20, T; [Wh2(2)]19),

p € L*(0, T; Wb (@) nc()),

6 e L®0, T; Wh°(2)) N L*(0, T; Wh*12(2)),
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3,0 € L*(0, T; Wk-2(2)),
up € L0, T; [L®(£2)]9).

Let Assumptions 1-4 be valid as well as up(0) = j,ug, 0,(0) = joby hold. For0 <t < T,
we obtain the estimate for the semi-discrete error &, ,, = u —up, & = 0 — Op:

2
”Eu ]’l”LOO(Ot LZ(Q)) + ”Eo’h”Lw(O,t;LZ(Q))

+ /0 (1€ n (D12 ps + 104 (D12 ps) de

t d 1
< Conwhi=— 1§ 2+ e (&L 2
N/() e hM min 1)’ M ”p(T)”Wkarll(wM)

MeMy

2ku
+ 30 e[t e O 2,
MeMy

Zhﬁlu —ky

10 (D)2, + Tha 0] @ 1200

2k, 2(lg—k
+ 2 100, + Tl P T NOO 10, ]

LeLly
+ (1 Bllg oot + o + T P) 10Oty 124, | 47 (24)
withl, € {0, ..., k,}, lg € {0, ..., ko} and a Gronwall constant as defined in Theorem 2.

Proof We split the semi-discrete error as

Sun="untewn E.n=non+teon, Epn="npn+tepn

and use the triangle inequality in order to estimate the approximation and consistency errors
separately. The interpolation results in Vd“’ X Qp X O, according to Assumption 1, are
applied to Theorem 2. Further, we take advantage of the approximation properties of the
fluctuation operators from Assumption 3 with [, € {0,...,k,}, lg € {0,...,kg}. This
provides a bound for the consistency error in the following way forall0 <t <t <T

> et rilum® +dyadl Y, 4 (O
MeMy

d
+ D Iy + D mm(; —) 171 (TG 11

MeM,, MeM,,

+ > ( +ﬁ||g||m) 1.8 (OIG, . + (o + 77 s *) 1V09 (D15,

LeLly
2ky
<C 7 m (U gyl + dyw) 10 @2,

MeM;,
o Y m Y min (4 L) o2
M min ' vm PO ykpt12(4,,1
MeMy

3 (14 B Bllgloens + et L ) 16 i,
LeLly
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Furthermore, it holds

2 2ky 2
190, (15 <€ D7 B 13 s 20,
MeMy

2 2 2,21, 2
Tl Py (Va@)Ig < € D whglun PR Nl g, )
MeMy

2k,
13m0, (N5 = € D AL 10 @ 102,
LeLly

21
L lurPlef (VO@IG, < C D oL lurPhp’ 10 512,, )
LeLly

For the interpolation errors, we exploit the approximation properties from Assumption 1:

2 2(ky+1) 2
M p @G =C D by @ 11200,

MeMy
2(kg+1
Ine.nlls = € D" N0 k1,
LeLly
WnOllips < D (v + Thylua® + yard) V0, 5 (OIG 4
MeM,;,
Zku
<C > hy' (v +Tigluml® + yud) @00,
MeMy
o.n(]l7ps < D (e + 1] lurl®) 1V 0.5 4
LeLly
2k,
<C 3 h (e L) 10 12, -
LeLly
The combination gives the claim. O

Remark 2 Unfortunately, the stability result for uj in Theorem 1 does not imply that u; €
L, T; [L*® (§)19). Hence, Theorem 2 gives no a priori bounds. Without this assumption,
mesh width restrictions of the form

hyllu 1 hpllu 1
_ hmlunlloom 1 Pey = Llunlloor _

R , —_
em v - v o N

similar to the ones obtained in [11], would occur. For the Navier—Stokes equations, approaches
for L°(£§2)]¢-stability for the velocity can be found in [19,20]. The technique applied there
relies on k-dependent threshold conditions and hence differs significantly from the analysis
considered here.

Remark 3 Provided that a certain compatibility condition between fine and coarse ansatz
spaces holds true (according to [8]), we can improve the estimates in Theorem 2 similarly to
the consideration in [11]. In particular, we obtain
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2 2
”eu,h ”L°°(O,t;L2(.Q)) + ||30,h ”LOO(O,t;LZ(.Q))

t
+ /0 (lewn([zps + llea.n(D]Eps) dr

ro d 1
<C / ¢Con(0-un)t=1) min (—,—) Inp.n(OI3
0 Z VoYM » 0.M

MeMy

1 1
+ > [(v + Thylum * + yud) V0, 4 (OG0 + ( + Tu) 1921 (G a1

Wy T
MeM,,

1180, 1 (O pr + rx4|uM|2||xx4(Vu>(r>||3,M}

1
+ ) [(a + 1] lur ) 1Vnen (0I5 . + (9 + ﬂugnoo,L) 1o, (I 1

Lely L
+ 7] lur Pl (VO ()G, + ||3z770,h(‘5)||%,L:| dr

with Gronwall constant

Co,0,up) =1+ Bllgloo + lulyico) + 10lwioog)

h2
+ max {h2 ul? ~ }+ max { - |u|? ~
MeM, M| |W1, M) MeM, )/M| |W1. (M)

—1y,, 012 2 1pn2
max u max {h7,10151
+MEM/, {yM | ”oo,M} +MEM/,{ ml |W1" (M)}

T
ma 10151 0o ma { “Lie1? }
+ME./\)/§lh[)/M| |Wl, (M) +ME./\)/(1/, Ym ” ”oo’M
u 2 [% 2
+ max {ehunn | + e {ef
and without assuming u;, € L*°(0, T; [LOO(.Q)]d). For more details, compare with [21].

Remark 4 From the above estimates, we can derive an error estimate for the pressure via the
discrete inf-sup condition. If

ue L0, T; [Whe @)1, uy e L0, T; [L¥(2)]19),

we obtain the estimate for the semi-discrete pressure error &, , = p — pp forO <t <T
2
”Sp,h ”LZ(O,t;LZ(Q))
2 2 2 2
= 75 ”at‘su,h ”LZ(O,t;H’l(Q)) + ,8 ”gHLOO(()’t;LOO(_Q)) ”SQ,h ||L2(0,t;L2(Q))
2 2 2
+ (”u ” Lz(O,t;LC’Q(Q)) + ”uh ||L2(0J;LOO(Q))) ”Eu,h ” Lm(O,t;LZ(Q))

'
—1 2
v max u
/0 ( MEMh{yM Il h”oo,M}
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+ max {t%|uy|*} + max d 2 dt
Mth{ M| M} MEM;,{)/M } |||Eu,h|||LPS

t
2 2 2
+ / max (tiglun ) > wlylun 2l (Va3 yde
0 MeMi MeM,,

with a constant C > 0 independent of the problem parameters, /1,7, 2 and the solutions.
We point out that the estimate is not optimal due to the term ||3;§, , ”i%o.z; H-1(@2) In [10],
only [19,&,, [> < Ch*~2 could be proven for the similarly stabilized Oseen problem. For

the Navier—Stokes equations, an improved error result for the pressure is obtained in [12].

4.3 Suitable Finite Element Spaces

We address the question of suitable settings for our analysis in Theorem 2 and Corollary 1.
First, let us introduce some notation.

For a simplex T € 7;, or a quadrilateral/hexahedron T in R?, let T be the reference unit
simplex or the unit cube (—1, 1)¢. We are interested in so-called mapped finite elements,
that are constructed as transformations from the reference element. Denote by Fr: T — T
the reference mapping. For simplices 7', Fr is affine and bijective. In case of quadrilater-
als/hexahedra, Fr is a multi-linear mapping from T to arbitrary quadrilaterals/hexahedra.
Henceforth, we require that Fr is bijective and its Jacobian is bounded for a family of
triangulations according to

3ci, e3> 0: ch® <|det DFp(%)| < c2h Vi eT (25)

with constants ¢y, ¢ > 0 independent of the cell diameter /7.
Let P, and Q; with [ € Ny be the set of polynomials of degree < / and of polynomials of
degree < [/ in each variable separately. Moreover, we set

R (T) := P;(T) on simplices T
! o Ql(f) on quadrilaterals/hexahedra T.

Bubble-enriched spaces are
PI(T) i=B(T) + by - Pra(T), QF (1) := QD)+ -spanf&] ', i = 1,....d)

with polynomial bubble function b; := H?:O A € By on the reference simplex 7' with
barycentric coordinates 5»,- and with d-quadratic function ¥ (x) := Hfl: (1 —= )?iz) on the
reference cube. Define

Y1 = {on € LX(2) : walr o Fr € R(T) VT € T},

Yig o= Yo N WH3(82)

and bubble-enriched spaces YZ ;- analogously. For convenience, we write V), = Ry instead
of Vj == [Yh,ik]d NV and V, = R4y instead of V, := [Y}:fik]d N V for the velocity. We
use analogous abbreviations for the pressure and temperature ansatz spaces.

The presented approach is applicable to many combinations of ansatz spaces. The inter-
polation property from Assumption 1 and the discrete inf-sup condition (4) hold for our finite
element setting of Lagrangian elements

Vin= Rl(cj)’ On =Riw,—1), Op= R,(J)

@ Springer



J Sci Comput

with k, > 2, kg > 2. It is shown in [18] that there exists a quasi-local interpolation oper-
ator that preserves the discrete divergence and has the needed approximation properties in
Assumption 1 on simplicial isotropic meshes. It is argued in [22] that the result can be easily
extended to quadrilateral/hexahedral meshes and in this case to k, = 2,d = 3.

In [9] (Tables 1, 2), fine and coarse discrete ansatz spaces are presented that fulfill the
approximation property of the fluctuation operators (Assumption 3). Possible variants of the
triples (Vi /D% A Qn A (@h/D‘Z) withl, € {1,...,k,}, lp € {1, ..., ko} are

(P, /P1,—1) APyt A (Pry /Prp—1)s Qi / Q1 —1) A Qiy—1 A (Qiy /Qip—1)
(]P’Z;/Pzrl) AP_(g,—1) A (PI:;/PI(;flL Qr, /P1,~1) AP_ g, —1) A (Quy /Pry—1).

For the construction of the coarse space in the two-level setting, see [8,9].

4.4 Parameter Choice

The presented possibilities of finite element combinations result in a parameter choice as

2(ky—1y) h2(k9—19)
ym =y, 0=<thlun) <tf-L— 0<t/@)<t--—  (26)
[ lurl

for M € My and L € Ly, where yo, ), rg = (O(1) denote non-negative tuning constants.
With the parameter choice (26), Assumption 4 is satisfied. In these possible settings, we can
apply Theorem 2 and Corollary 1. We point out that in order to get an optimal rate k in (24),
one might want to choose

k=ky =k =k, +1.

A choice of grad-div and LPS SU parameters as in (26) balances the terms in the upper
bound of the semi-discrete error (24). In addition, the Gronwall constant (19) does not blow
up for small v if ypy > 0. An h-independent y, (or at least yps > Ch) also diminishes the
growth of the Gronwall constant with |u|y1.00 gy and |0]yy1.00 gy and is therefore favorable.
In case of uy; = 0, we set Ty, () = 0 and rz(uL) = 0if uy = 0 as the whole LPS terms
vanish. In [9], similar bounds for the Oseen problem are proposed: Ty, |b > < Ch];;l” and

YmM ™~ 1.
Comparing the physical dimensions in the momentum Eq. (7) and the Fourier equation (8),
we obtain

2 9 2
[ehs an)] ’:’:T = [su(ups up, up)] = [(% uh)] = m7

<2 30, K?
[} p)] 2 = Lson: On. 64)] = [(Tlh Gh)} R

This suggests a parameter design as
vy ur) ~ ho/lul, Ty ~ hor/luml, 27)

that is within the above (theoretical) parameter bounds. We will consider this choice in the
numerical examples.

The design of the grad-div parameter set {yys}s is still an open problem, see e.g. [23] for
the Stokes problem. An equilibration argument in our analysis (24) suggests

@ Springer



J Sci Comput

Table 1 Averaged Nusselt numbers and maximal deviations o for different Ra and different grad-div para-
meters y)y, averaged over time ¢ € [150, 1000], N = 10 - 83, Q2 A Qq A Qq elements are used

Ra 10° 100 107 108 109

Nu®¢ o Nu®8¢ o Nu®8¢ o Nu®8¢ o Nu?ve o

nGD 3.84 0.04  8.65 0.34 16.41 1.83  37.70 29.5 118.8 137.6
GD 3.84 0.03  8.65 0.02  16.88 0.11 31.29 0.70 55.52 1.35
Nu'f 3383 8.6 16.9 31.9 63.1

nGD indicates that no stabilization is used (yp; = 0), GD means that an optimal grad-div parameter is used:
yu = 0.1 for 10° < Ra < 108 and yp; = 0.01 for Ra = 10°. Nu"f denotes DNS results from [28]

Table 2 Averaged Nusselt numbers and maximal deviations o for different choices of stabilization and finite
element spaces, Ra = 109, averaged over time ¢ € [150, 1000], N = 10 - 83

IIL\‘/I rz Nu;:g Ohy Nuzzg Oph Nu%%ht O1d ht Nu?:;":bb O1d.bb
0 0 55.52 1.35 58.14 1.48 41.46 40.20 47.53 23.40
hul 0 53.84 1.41 58.27 1.47 38.71 43.03 44.30 24.79
0 hul 52.45 3.48 56.53 3.06 37.61 10.84 54.26 16.53
hul hul 51.81 343 54.04 3.33 37.05 10.31 49.13 12.92

The subscript /d means that an isotropic grid is used; otherwise, the grid is transformed via Ty ;. The additional
th indicates that (Q2/Q1)/Q1/(Q2/Qq) elements are used and (Q;/Ql)/(@l /(Q;’/Ql) are denoted by bb.
The label hul indicates that r;‘,[//gL = %h myL/upllco /L. N u'®f denotes DNS results from [28]

Uyt ~ max (0. Apllwraany U). (28)

’ ||u ||Wk+1.2(M)

Indeed, in different flow examples, the choice (28) yields distinct y,s: In case of flow with
fu=0,u-Vu =0u =0and —vAu + Vp = 0 (Poiseuille flow), we would choose
ym = 0,as | pllwk2e)/llullyitizgy ~ v. For the Taylor-Green vortex with f, = 0, one
has d;u —vAu =0 and (u - V)u + Vp = 0, thus leading to || pllyr.2(o)/lullwrrr2gy ~ 1.
If v is small, ¥ ~ 1 follows. Unfortunately, (28) is not a viable choice for yj, in practice.

Especially in the advection dominated case, grad-div stabilization with y3; > v has a
regularizing effect. Furthermore, y)s > v is essential for the independence of the Gronwall
constant Cg j,(u, 0) of v. Corollary 1 and the above discussion clarify that yy; = O(1) is a
reasonable compromise. Our numerical tests also confirm this.

S Numerical Examples

In order to validate the analytical results, we need to discretize the semi-discrete formulation in
time as well. The method we choose is a splitting method called rotational pressure-correction
projection method, which is based on the backward differentiation formula of second order
(BDF2). This method has been proposed by Timmermans [24] for the Navier—Stokes case
and has been analyzed for the linear Stokes model in [25].
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With the constant time step size At > 0, the scheme reads:
Find uj;, € V}, such that for all v, € Vp,:

n n—1 n—2
(3uhr _ 4uht tuy,

AT ,vh)+V(VuZt,Vvh)+cu(u;’,,;u;’,,,vh)

o+t s, v) s @l wl,, v) — (P Vo) 4 B(g (6)0), vy)

7 .4 5 ,_ |
= (f,(t), Vi) + (gp,’j, b gpz, 2+ ng, V. vh) , (29)
where 6" := 29;;;] — 9,:‘[_2 is an extrapolation of second order of the temperature 6;),.
Find p}, € Oy, such that for all g, € Qp:
3V -u?
-1 h
(V(phy = P )> Van) = ( AT ’,Qh)- (30)

Find 6}, € © such that for all ¥, € O:

-1 -2
391rzlt — 49;:3 + elrzlt
2At

J/fh) + a(VOy,, Vi)

+ co(uy,; 05, n) + se(uy,; 04, ¥n)
= (fo ), ¥rn). 31

Using this scheme, we want to confirm the results obtained above numerically and investigate
suitable parameter choices for the stabilizations. Therefore, we first consider an artificial
example using the method of manufactured solution. Due to the fact that we know the
analytical solution, we can observe in which cases we obtain the desired rates of convergence.
In the second example, we consider Rayleigh—Bénard convection in a cylinder. This problem
is well-investigated and we consider the influence of stabilization on typical benchmark
quantities.

Remark 5 For the fully discrete quantities, one can show stability according to

2 2 2 2
”uht ||l°°(0,T;L2(.Q)) + ”uh’||12(0,T;LPS) + (At) ”Vpht ||l°°(0,T;L2(Q))

2 2
+ ”0/11 “100(0,7*;[‘2(9)) + ”9}11‘”12(0,7‘;[‘})5)
0 1 0 1 0 1
= C(uhp Upts Phes Phes th th ,37 8 fua f0)7

cf. [21]. We expect that the spatial and temporal convergence results for the stabilized Navier—
Stokes in [26,27] can be extended to the Oberbeck—Boussinesq model easily due to the
similarity of the momentum and the Fourier equations and their weak coupling.

5.1 Traveling Wave

We consider a time dependent, two-dimensional solution of the Oberbeck—Boussinesq equa-
tions (1) for different parameters v, o, B > 0 in a box 2 = (0, D2 with ¢ € [0,6 - 1073]:

u(x,y, 1) = (100sin(wy), 0)", p(x,y, 1) = 100cos(rx),

1 271 -
0(x,y, 1) = (1+3200ar)~"/2 exp(— (5 + 100tx) (% +4at) )
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Fig.1 LPS-errors with Az =5- 10~ for different finite elements and choices of « and B witha 72 = 0and
bf =102/ luplloc, L. v = 1

with g = (0, —1)T and (time dependent) Dirichlet boundary conditions for # and 6. The
right-hand sides f,, fp are calculated such that (u, p, 6) solves the equations. Initially, the
temperature peak is located at x = % and moves in x-direction until it finally hits the wall at
x =1,¢ = 0.005 and is transported out of the domain. Note that the movement of the peak
is one-dimensional.

The mesh is randomly distorted by 1%; h denotes an average cell diameter. We use
Q@ AQIA(Q2/Qp) or Q2 AQ A ((@zr /Q1) elements for velocity, pressure and fine and coarse
temperature. Since only the temperature ansatz spaces are varied here, we write Q(+) /Qq for
convenience.

Aspresented in Fig. 1, we obtain the expected order of convergence for the LPS-error |||u —
un||lLps + 1[0 — 0n1lLps ~ h? even without stabilization. Adding LPS stabilization for 6 does
not corrupt this result. Note that even a high parameter 8 does not require any stabilization:
Neither the discrete temperature nor velocity or pressure fail to converge properly (not shown).
In the interesting case « = 103, the LPS-errors become very large in the unstabilized case.
LPS stabilization in combination with Q;r /Q1 elements for 6, cures this situation (Fig. 1b).

In the unstabilized case, the spurious oscillations of the discrete temperature cannot be
captured. These spurious modes are directly visible in Fig. 2, where 6, (x, y = 0.5, t = 0.005)
is plotted for x € [0, 0.9]. Using the LPS stabilization clearly improves this behavior both
for standard and enriched elements.

Grad-div stabilization or LPS SU for the velocity does not change these results. In partic-
ular, adding these stabilizations within the bounds derived in the analysis does not perturb
the solutions.

5.2 Rayleigh-Bénard Convection

We consider Rayleigh—Bénard convection in a three-dimensional cylindrical domain
=1(.y.2) € Vx? <
‘(x y,2) ( ok 2) ‘ x2+y? 2 lz| < ]
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Fig. 2 Plot over temperature at y = 0.5 (x € [0, 0.9]) at time t = 0.005 with 2 = 1/16 in case of a Q2 /Q;
elements for 7§ = 0 (dotted line and for t§ = 10=2h|lu, |3}, (solid line), b Q3 /Qy elements for 7 =0

(dotted line) and for t¥ = 10*2h\|uh\|go{ 1 (solid line), (v, a, B) = (1,1073, 1)

with aspect ratio I” = 1 for Prandtl number Pr = 0.786 and different Rayleigh numbers
105 < Ra < 10°. These critical parameters are defined by

3
pr=". Rq= 8PA%etlir

o Vo

In this testcase the gravitational acceleration g = (0, 0, —DT is (anti-)parallel to the z-
axis. The temperature is fixed by Dirichlet boundary conditions at the (warm) bottom and
(cold) top plate; the vertical wall is adiabatic with Neumann boundary conditions % =0.
Homogeneous Dirichlet boundary data for the velocity are prescribed. We use triangulations
with N cells, where N € {10-83,10-16%, 10-323}, as well as a time step size Ar = 0.1 for
N =10-8% At = 0.05 for N = 10 - 16* and Az = 0.01 for N = 10 - 323,

As a benchmark quantity, the Nusselt number Nu is used. The Nusselt number Nu at
fixed z is calculated from the vertical heat flux g, = u,0 — a% from the warm wall to the
cold one by averaging over B, := {(x1, X2, x3) € §£2: x3 = z} and in time:

T
—1
Nu(z) = F(aleKT — 10) |Obotrom _910p|) / / q:(x,y,z,t)dxdydt
10 B;

with a suitable interval [fg, T']. It can be shown that the time averaged Nusselt number
Nu(z) for the continuous solution does not depend on z, i.e. limr_ d;Nu(z) = 0. In
order to assess the quality of our simulations, we compute the Nusselt number for different
z € {—0.5,-0.25,0,0.25, 0.5}, where the heat transfer is integrated over a disk at fixed
z. Then we compare these quantities with the Nusselt number Nu®¢ calculated as the heat
transfer averaged over the whole cylinder §2 and in time. The maximal deviation o within
the domain is evaluated according to

o := max{|[Nu™E — Nu(z)|, z € {—0.5, —0.25, 0, 0.25, 0.5}}.
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(a) (b)

Fig. 3 Temperature iso-surfaces at 7 = 1000 for Pr = 0.786, a Ra = 105, b Ra = 107, ¢ Ra = 109,
N =10-16,yy = 0.1

For comparison, we consider the DNS simulations by Wagner et al. [28] and denote the
respective values by Nu'ef.

For high Rayleigh numbers, boundary layers occur in this test case. In order to resolve
these layers in the numerical solution, the (isotropic) grid is transformed via Tyy,: 2 — £2
of the form

(32)

T x tanh(4r) y tanh(4r) tanh(4z) T
Tyiyz: (x,9,2)" = | =

r 2tanh(2)’ 7 2tanh(2) 2tanh(2)
with r := /x2 + y2.

A snapshot of temperature iso-surfaces for different Ra at 7 = 1000 is shown in Fig. 3.
N = 10 - 16> cells, grad-div stabilization with y); = 0.1 and Q2 A Q; A Q> elements for
velocity, pressure and temperature are used. Whereas the large scale behavior shows one
large convection cell (upflow of warm fluid and descent of cold fluid) in all cases in a similar
fashion, with larger Ra, smaller structures and thin boundary layers occur. For Ra = 109,
the flow reaches a steady state, whereas Ra € {107, 109} results in transient flow. This is in
good qualitative agreement with simulations run by Wagner et al. [28].

In Table 1 we compare the resulting Nusselt numbers for an optimal grad-div parameter and
no grad-div stabilization at all. While the average Nusselt number is in both cases in good
agreement with the reference value with up to Ra = 107, the deviation between Nusselt
numbers at different z-positions quickly increases without grad-div stabilization.

Despite this, for all Ra € {107, 10°, 107, 103}, the reference values Nu™ obtained by
DNS can be approximated surprisingly well with the help of grad-div stabilization on a mesh
withonly N = 10-83 cells. We note that the optimal grad-div parameter only slightly depends
on the Rayleigh number and with this choice the Nusselt number varies little with respect to
different z. This parameter design is independent of the considered refinement.

With respect to the LPS stabilization it turned out that for anisotropically refined meshes
79,su,. = 0 produced the best results, cf. Table 2. In case of isotropic grids, that are not
adapted to the problem, LPS SU stabilization (with rz =hp/||luLllec, 1) for the temperature
improves the resulting Nusselt number. Bubble enrichment enhances the accuracy on all
grids.

Figure 4 gives an overview of the obtained results (using the respective optimal stabiliza-
tion parameters and an anisotropic grid). We compare the reduced Nusselt numbers Nu /Ra"3
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Fig. 4 Rayleigh—Bénard Convection: Nu/Ra0'3 (I' =1, Pr = 0.786) for an anisotropic grid with N €
{10~83, 10167} cells, compared with DNS data from [28] (I" = 1, Pr = 0.786) and [30] (I" = 1, Pr = 0.7).
The grid is transformed via Ty for N € {10- 83,10-163} and via T, for N = 10- 323. The label th indicates
that (Q2/Q1)/Q1/(Q2/Q1) elements are used and (Q3 /Q1)/Q;/(Q5 /Qy) are denoted by bb. For 103 <
Ra < 108, (v ga M. Ty, T5) = (0.1,0,0) is chosen; (ty gq,m. Ty 7o) = (0.01, 11/llupll oo, 0. 0) in
case of Ra = 10°

Table 3 Rayleigh-Bénard Convection: Thermal boundary layer thicknesses at the top and bottom plates
(8g)tor/bottom averaged over r = /x2 4+ y2 < [0, %], and slopes m!oP/bot1om requlting from the fitting
(8g) x Ra™

(89) (89) < Ra™

Ra = 10° Ra = 107 Ra = 10° m mref
top 0.1295 0.0311 0.0084 —0.2970 —0.285
bottom 0.1295 0.0293 0.0085 —0.2957 —0.285

The grid with N = 10 - 163 cells is transformed via Tryz; Q2/Q1/Q; elements are used. 7, gg )7 = 0.1 for
Ra € {10°,107} and Tu,gd,m = 0.01 for Ra = 10%. m™f denotes the slope proposed by Wagner et al. [28]

for different finite element spaces, indicated by th and bb as above, with DNS data from the
literature. The Grossmann-Lohse theory from [29] suggests that there is a scaling law of the
Nusselt number depending on Ra (at fixed Pr) that holds over wide parameter ranges. The
reduced Nusselt number calculated in our experiments is nearly constant. However, one does
not observe a global behavior of the Nusselt number as Nu o Ra%3. But as in [28], a smooth
transition between different Ra-regimes Ra < 10°, 10° < Ra < 108 and Ra > 10% can
be expected. Note that the presented results on the finest grid (N = 10 - 323) differ by only
0.1 %.

Table 3 validates that a grid transformed via T, (together with grad-div stabilization)
resolves the boundary layer: For a grid with N = 10 - 16> cells, the dependence between
Ra and the resulting thermal boundary layer thickness (§y) is in good agreement with the
law (8p) o Ra~028 suggested by Wagner et al. [28]. Here, the thermal boundary layer
thickness 8y is calculated via the so-called slope criterion as in [28]. 8y is the distance from
the boundary at which the linear approximation of temperature profile at the boundary crosses
the line 6 = 0. (§9) denotes the average over r = 1/x2 + y2 € [0, %].

All in all, our simulations illustrate that we obtain surprisingly well approximated bench-
mark quantities even on relatively coarse meshes (compared with DNS from the reference
data). For example, for the grid with N = 10 - 163 cells, we have a total number of approx-
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imately 1,400,000 degrees of freedom (DoFs) in case of (Q2 /Q1)/Q1/(Q2 /Qp) elements.
Enriched (Q;/Ql)/(@l/(@;/(@l) elements result in 1,900,000 DoFs for N = 10 - 16> cells.
Refinement increases the number of DoFs roughly by a factor of 8. In comparison, the DNS
in [28] requires approximately 1,500,000,000 DoFs.

The key ingredients are grad-div stabilization and a grid that resolves the boundary layer.
In case of isotropic grids, that are not adapted to the problem, LPS SU stabilization for the
temperature becomes necessary. Bubble enrichment enhances the accuracy on all grids.

6 Summary and Conclusions

We considered conforming finite element approximations of the time-dependent Oberbeck—
Boussinesq problem with inf-sup stable approximation of velocity and pressure. In order to
handle spurious oscillations due to dominating convection or poor mass conservation of the
numerical solution, we introduced a stabilization method that combines the idea of LPS with
streamline upwinding and grad-div stabilization.

A stability and convergence analysis is provided for the arising nonlinear semi-discrete
problem. We can show that the Gronwall constant does not depend on the kinetic and thermal
diffusivities v and « for velocities and temperatures satisfyingu € [L*°(0, T'; wleo@ne,
up, € [L°°0, T; L¥(2)14,0 € L°°(0, T; WH%°(£2)). The approach relies on the existence
of a (quasi-)local interpolation operator j,: V4V — Vzi U preserving the divergence (see
[18]). In contrast to the estimates in [10] and [11] for the Oseen and Navier—Stokes problem,
we can circumvent a mesh width restriction of the form

hyllu 1 hyllu 1
— Ml hlloo,ME d Pey = Llwnlloor _

— an =
v Jv o T Ja

Rey

even if no compatibility condition between fine and coarse velocity and temperature spaces
holds. Therefore, the analysis is valid for almost all inf-sup stable finite element settings.

Furthermore, we suggest a suitable parameter design depending on the coarse spaces D'},
and Dg. Note that a broad range of LPS SU parameters ;;, rz is possible. In particular, we
achieve the same rate of convergence in the considered error norm if 7y, and ‘cz are set to zero.
The LPS SU stabilization gives additional control over the velocity gradient in streamline
direction.

It is indicated by our analysis and numerical experiments that y); = O(1) is essential for
improved mass conservation and velocity estimates in W12(§2). We point out that grad-div
stabilization proves essential for the independence of the Gronwall constant Cg (u, 0, uy,)
from v and «. Though the analysis assumes isotropic grids, the use of anisotropic ones in
our numerical examples does not lead to any problems. The need for additional stabilization
can be avoided if the grids are adapted to the problem. This is agreement with the numerical
tests performed in [10]. Especially, for boundary layer flows, the SUPG-type stabilization
Ty L hyyo/luplloo, M/ seems to be suited for modeling unresolved velocity scales
if isotropic meshes are used. The combination with enriched elements is favorable. The
first numerical example shows satisfactory results with LPS SU stabilization for convection
dominated flows.

For Rayleigh-Bénard convection, the combination of grad-div stabilization, a problem
adjusted mesh and suitable ansatz spaces yields results that approximate DNS data.
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Appendix

Lemmal Lete€ > 0 and (u, p,0) € V4 x Q x O, (uy, pn,0y) € V;‘f"” x Qp X O
be solutions of (2), (3) and (7), (8) satisfying u € [WH®(2)1¢, 0 € W-(2) and uy, €
[L®(2)]%. If Assumptions 1 and 2 hold, we can estimate the difference of the convective
terms in the momentum equation

cu(u; u, eu,h) - Cu(uh; up, eu,h)

C 1

2 2 2

=< . z 7h2 ||77u,h||0,M+3€|||'7u,h|||LPS"'3€|||eu,h|||Lps
MeM;, M

C 2
+ | lulyiooio) + € max {h2,|ul? s + = max {-Mu? o
[l |Wl (£2) MEMh{ Ml |W1, (M)} € MeM, M | |W1. (M)

+ & max Wor N2 g} + €llunllZ | llewnl3
€ MeM, ’ ’

with C independent of hy, hr, €, the problem parameters and the solutions. The difference
of the convective terms in the Fourier equation can be bounded as

co(u; 0, e9p) — co(up; On, e n)

C -2 2 2 2
<= 20 sl + 3elllmllZes + 3elllewnll|Zes
MeMy

1 2 C -2 2
+ 3101w @) lewnllo + — > h P mealls .
LeLly

1
2 2 2 2
+ llea,nlly (§|9|W14w(9) +€elluplly +€ Mnéi)/(lh{hM|0|W1’oo(M)}

c hlzlfl 2 ¢ -1 2
+— max [VMIHIWI,OO(M) +?M12?3§,,{yM 16115, ar}

with C > 0 independent of the problem parameters, hyy, hy, and the solutions.

Proof Similar estimates can be performed for velocity and temperature. We present the steps
for the velocity; for details for the temperature terms, we refer the reader to [21].

We choose the same interpolation operators j,: V4’ — V ,‘l” Vand jo: ® — O as in
Theorem 2. With the splitting n,, j, +e,,n = (@ — juu) + (jyut —u;) from (13) and integration
by parts, we have

cu(u;u, ey p) —cy(up; up, ey p)

1
= (w—wup)-Vu,ey,p)+ uy -V — juu), ey p) ) ((V-up)juu, ey n) .

=T} =Ty =T5
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Now, we bound each term separately. Using Young’s inequality with € > 0, we calculate:

2
Ty < E IVallco, s (Il€w.nlig,pr =+ 0, llo.asll€u.nllo. )
MeM,,

1

2

|u|W1v0°(,Q)||eu,h”0+ E r|u|W1«w(M)||nu,h||0,MhM||eu,h||0,M
MeM; M

IA

1 1 2 2 2 2
=< E Z hT”"”ﬁ"QM + (|u|W1,oc(Q) +e€ Mnelz/l\)/(lh{hMm'Wl'oo(M)} llew,nlly-
MeM,;, M

(33)
For the term 7', we have via integration by parts
T = (up -V, eun) = —n - Veuwn, ) — (V-up)ewn, 0,5 =: Tp) + Tr).

Term T3} is the most critical one. We calculate using Assumption 2 and Young’s inequality:

T3 =~ Veun M) < D NunlloonrIVewnllon g nllom

MeMy

IA

—1
C D oo llewnllonshyy I, llo.n
MeM;,

C _
< ellunlillewnly+— D A lnnld - (34)

MeM,,

Using (V - u, q) = 0 forall ¢ € L?(£2), Assumption 1 and Young’s inequality with € > 0,
we obtain

T3y = —((V - w0y €)= (V- Oy + €wm) N i €u)
< D Ml (IV - ewnllons + IV - mypllo.s) lewnllo.n

MeMy
Chy
< > ——lulyrenym IV - ewnllons + 1V -1, 5 l10.00) lewnllo.n
MeMy W
< lllma nlliZps + €lllewnll Zps + = max @W llewn (35)
— u,h\1ILPS u, LPS € MeM, YM Wl‘oc(M) u, 0

Utilizing the splitting according to (13), we have

T3 = (V- up) ju, e n) = —((V - up)n, . €wn) + (V- up)u, e ) = Ty + T3
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and use the same estimate as in (35). For the term 735, we use that (V - u, g) = 0 for all
g € L*(£2) and Young’s inequality:

T35 = |(V -up,u-eu )| =V (=0, —eun+u),u-e,.;)
<IVenypou-eyn) +I(V-eyn u- eyl

1
< el oo, s /Y IV = 1y llo. s —— llew,nllo,m
Mg/lh( - " m ’

1
Hllloo,m/YmllV - eu,h”O,Mﬁ”eu,h ||0,M)

C

2 2 —1y,2 2

< €lllmy nlllzps + €lllewnlllzps + — max {yy lluls, pillewnly. (36
€ MeM, :

Combining the above bounds (33)-(36) yields the claim. O
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