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1.1 Nitsche’s method

Introduction 1.1. Let us consider the inhomogeneous Dirichlet boundary valueproblem
−∆u= f in Ω

u=uD on ∂Ω. (1.1)
We already know that for ud ≡ 0 we can discretize this problem by choosinga finite element space Vh ⊂ H10 (Ω). For general uD , there are two options:

1. Compute an arbitrary “lifting” uD ∈ H1(Ω) such that it is equal to uDon the boundary and compute w = u − uD ∈ H10 (Ω) as the solution tothe weak formulation∫
Ω∇w · ∇v dx = ∫Ω fv dx + ∫Ω∇uD · ∇v dx. (1.2)

2. Compute an interpolation or projection uDh of the boundary data uD .Then, eliminate each row of the matrix corresponding to a degree offreedom on the boundary. In particular, let i be the index of such adegree of freedom and let k be an index corresponding to an interiordegree of freedom not constraint by a boundary condition, but such that
aik 6= 0 6= aki. Then, replace the rows

· · · + aiiui + · · · + aikuk + · · · = fi
· · · +akiui + · · · +akkuk + · · · = fk

(1.3)
by the rows

ui =uDi
· · · + 0 + · · · +akkuk + · · · = fk − akiuDi

(1.4)
The first option introduces the complication of finding a function in H1(Ω),which cannot be achieved automatically. The second can be implemented inan automatic way, but it complicates code, in particular for nonlinear prob-lems.A completely different approach modifying the bilinear form was first sug-gested in the 60s and then perfected by Joachim Nitsche in 1971. In thissection, we motivate this method and derive its error estimates. Its key fea-ture is the transition from Vh ⊂ H10 (Ω) to Vh ⊂ H1(Ω).
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Introduction 1.2. If we simply derive our weak formulation in H1(Ω), we endup with an additional boundary term∫
Ω∇u · ∇v dx = − ∫Ω ∆uv dx + ∫

∂Ω ∂nuv ds. (1.5)
Thus, we obtain the natural boundary condition ∂nu = 0, which is not con-sistent with the original BVP. The first step for deriving Nitsche’s method issubtracting this boundary term on both sides. The result is the equation∫

Ω∇u · ∇v dx − ∫
∂Ω ∂nuv ds = ∫Ω fv dx ∀v ∈ H1(Ω). (1.6)

We observe that the left hand side vanishes for any constant function u.Thus, we do not have unique solvability and we will have to fix this problem.Furthermore, the boundary data uD does not appear in this formulation. Weenforce u = uD in our formulation by a so called “penalty term” with penaltyparameter α , modifying (1.6) to∫
Ω∇u · ∇v dx − ∫

∂Ω ∂nuv ds+ ∫
∂Ω αuv ds

= ∫Ω fv dx + ∫
∂Ω αuDv ds ∀v ∈ H1(Ω). (1.7)

Integrating by parts, we see that u is a solution to this weak formulation.Following Nitsche, we make one additional modification which restores thesymmetry of our form. We obtain the weak formulation
ah(u, v ) = fh(v ) ∀v ∈ H1(Ω), (1.8)where

ah(u, v ) = ∫Ω∇u · ∇v dx − ∫
∂Ω ∂nuv ds− ∫

∂Ω ∂nvu ds+ ∫
∂Ω αuv ds,

fh(v ) = ∫Ω fv dx − ∫
∂Ω ∂nvuD ds+ ∫

∂Ω αuDv ds. (1.9)
We abbreviate this equation to
Note 1.3. Unfortunately, the problem (1.9) is not well-posed for any finiteparameter α . Thus, it cannot be used to determine u ∈ H1(Ω). Nevertheless,we can establish well-posedness on discrete spaces Vh in order to computea discrete solution uh and use the fact that u is already determined by thecontinuous problem. Our immediate goals are thus:
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1. Establish the assumptions of the Lax-Milgram theorem on Vh, which inthis case involves a suitable new norm for measuring the error.
2. Establish a relation between the discrete and continuous solution re-placing Galerkin orthogonality.
3. Deriving error estimates in suitable norms.

Notation 1.4. From now on, we will use the inner product notation
(u, v ) ≡ ∫Ω uv dx (∇u,∇v ) ≡ ∫Ω∇u · ∇v dx,

on Ω as well as
〈u, v〉 ≡

∫
∂Ω uv ds,

on its boundary.
Definition 1.5. A discrete problem (1.9) is called consistent, if for the solution
u of the BVP (1.1) there holds

ah(u, vh) = fh(vh) ∀vh ∈ Vh. (1.10)
Corollary 1.6. Let u ∈ H1(Ω) be the weak solution to (1.1) in the sense
of (1.2). Then, the discrete problem (1.9) is consistent.

Proof. Since u ∈ H1(Ω) and vh ∈ Vh, all boundary terms in ah(u, v − h) and
fh(vh) are well-defined and consistency follows from u = uD in the sense of
L2(∂Ω).
Definition 1.7. The problem dependent norm used for the analysis of Nitsche’smethod is defined by

|||v |||2 = (∇v,∇v ) + 〈αv, v〉 . (1.11)
This choice is justified by
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Lemma 1.8. Let Vh ⊂ V = H1(Ω) be a piecewise polynomial finite element
space on a shape-regular mesh Th. Then, if α sufficiently large, there exist
constants M and γ such that

ah(uh, vh) ≤ M |||uh||| |||vh|||
ah(uh, uh) ≥ γ |||uh|||2 .

Proof. Key for the proof is the inverse trace estimate
|v |H1(∂T ) ≤ ch−1/2|v |H1(T ),which holds with a constant c depending on shape regularity and polynomialdegree. Thus, for a cell T at the boundary, there holds

| 〈∂nuh, vh〉∂T∩∂Ω | ≤ ch−1/2|uh|H1(T ) ∥∥vh∥∥L2(∂T∩∂Ω)
≤ 14 |uh|2H1(T ) + c2

hT

∥∥vh∥∥L2(∂T∩∂Ω) ,We apply this to the lower bound to obtain
ah(uh, uh) ≥ (1− 12) |uh|2H1(Ω) + (α − 2c2

hT

)∥∥uh∥∥2
L2(∂Ω) .Choosing

α(x) = α0
h(x) ≥ 4c2

h(x) , (1.12)
where h(x) is the size of the cell such that x ∈ ∂T , we obtain

ah(uh, uh) ≥ 12 |||uh|||2 .The proof of the upper bound follows the same fashion.
Corollary 1.9. Let α be chosen according to equation (1.12). Then, the dis-
crete problem (1.8) has a unique solution uh ∈ Vh.

Proof. According to the previous lemma, the lemma of Lax-Milgram appliesto the bilinear form ah(., .). For the right hand side fh(., ), we have againbecause of trace estimates in H1(Ω) and inverse estimates in Vh
fh(v ) ≤ c (∥∥f∥∥0,Ω + ∥∥uD∥∥H1(Ω)

)
|||v ||| .
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Theorem 1.10. Let u ∈ Hk+1(Ω) with k ≥ 1 be the solution of (1.1) and let
uh ∈ Vh be the solution to (1.8) and let the assumptions of Lemma 1.8 hold.
Let furthermore {Th} be a family of quasi-uniform, shape-regular meshes
of maximal cell diameter h, and let the shape function spaces contain the
polynomial space Pk . Then, there holds

|||u− uh||| ≤ chk |u|k+1,Th. (1.13)
Proof. We begin with the triangle inequality

|||u− uh||| ≤ |||u− Ihu|||+ |||Ihu− uh||| .The interpolation error can be estimated by
|u− Ihu|1,Ω ≤ hk |u|2,Ω ,
|u− Ihu|0,∂Ω ≤ h3/2 |u|2,Ω .
|u− Ihu|1,∂Ω ≤ h1/2 |u|2,Ω .

(1.14)
The second and third estimate actually require some deeper arguments fromfunctional analysis, which is beyond the scope of this class. It involves anintuitive notion of Sobolev spaces with non-integer derivatives. Allowing suchspaces, the trace estimate becomes∥u∥1/2,∂Ω ≤ c ∥u∥1,Ω . (1.15)
For the remaining error term, we use Vh-ellipticity of the discrete form andconsistency to obtain

γ |||Ihu− uh|||2 ≤ ah(Ihu− uh, Ihu− uh) = ah(Ihu− u, Ihu− uh). (1.16)Using Young’s inequality, we estimate the right hand side with εh = u− Ihuand ηh = Ihu− uh on each boundary cell T with boundary edge E by
|(∇εh,∇ηh)T | ≤ 1

γ |εh|
21,T + γ4 |ηh|21,T ,

|〈αεh, ηh〉E | ≤ 2
γ

∥∥√αεh∥∥20,E + γ8 ∥∥√αηh∥∥20,E
|〈εh, ∂nηh〉E | ≤ 1

γ

∥∥√αεh∥∥20,E + γ4 |ηh|21,T + γ4
∥∥∥√ α0

hT ηh
∥∥∥2

0,E
|〈∂nεh, ηh〉E | ≤

2hT
γα0 |εh|20,E + γα08hT ∥∥ηh∥∥20,E .

(1.17)
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Adding these over all cells, we obtain
γ |||Ihu− uh|||2
≤ γ2 |||Ihu− uh|||2

( 1
γ |u− Ihu|

21,Ω + 3
γ

∥∥√α(u− Ihu)∥∥20,E + 2hT
γα0 |u− Ihu|20,E

)
,

and thus, by the interpolation estimate (1.14)
|||Ihu− uh|||2 ≤ 2

γch
2k |u|2k+1,Ω .

Theorem 1.11. Assume in addition to the assumptions of Theorem 1.10 that
the adjoint problem

−∆z=u− uh in Ω
z= 0 on ∂Ω. (1.18)

admits elliptic regularity, namely

|z|2 ≤ c ∥∥u− uh∥∥0 . (1.19)
Then, the solutions u and uh admit the estimate∥∥u− uh∥∥0 ≤ chk+1 |u|k+1 . (1.20)
Proof. Due to symmetry of the discrete bilinear form, we have adjoint consis-tency:

ah(vh, z) = (u− uh, vh) ∀vh ∈ Vh. (1.21)From here, we proceed like in the continuous case:∥∥u− uh∥∥20 = ah(u− uh, z) = ah(u− uh, z − Ihz).Using the same derivation as in the previous theorem, we obtain the result.
Remark 1.12. We chose the norm defined in (1.11) for our energy norm anal-ysis in Theorem 1.10. We could have done the same using the operatornorm √

ah(v, v ). In fact, Lemma 1.8 states that both norms are equivalent.Therefore, we chose the one involving less terms and providing for simplerinterpolation estimates.The “triple norm” notation |||.||| is very common as a notation for problemadjusted norms.
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