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Abstract

We consider two different approaches for error estimates of the fully discretized
time-dependent Navier-Stokes problem. For the spatial approximation we use
conforming Finite Element Methods in conjunction with grad-div and local
projection stabilization with respect to a streamline upwind/Petrov-Galerkin
approach. For the temporal discretization a pressure correction projection
algorithm based on BDF2 is used. In both cases we consider two semi-discretized
problems. In the first strategy we discretize in time first and afterwards consider
the error due to introducing stabilized Finite Element approximations in space.
The second approach is the other way around. In both cases we can show
(quasi-)optimal rates of convergence with respect to time discretization for all
considered errors. With respect to spatially discretization the results suffer from
a suboptimal estimate of the L?(Q) error in the velocity.
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Chapter 1

Introduction

We consider the time-dependent Navier-Stokes equations

ou—vAu+ (u-Vu+Vp=f in (t,K7T) xQ,
V-u=0 in (t,T) xQ,
u=0 in (ty,T) x 09,
u(0,-) =uo(-) in Q

(1.0.1)

in a bounded polyhedral domain  C R?, d € {2,3}. Here u: (to,T) x Q — R?
and p: (tp,T) xQ — R denote the unknown velocity and pressure fields for given
viscosity v > 0 and external forces f € [L2(to, T; [L*()]4)NC(to, T; [L?(2)]4)]4.

For the discretization with respect to time we use a splitting method called
(standard) incremental pressure-correction projection method which is based on
the backward differentiation formula of second order (BDF2). In the continuous
problem u and p are coupled through the incompressibility constraint. The idea
for pressure-correction projection methods is to define an auxiliary variable u
and solve for w and p in two different steps such that the original velocity can
be recovered form these two quantities. Such an approach was first considered
by Chorin [1] and Temam [2]. An overview over different projection methods is
given in [3] an overview over these methods is given. The incremental pressure
correction algorithm with BDF2 time discretization is discussed by Guermond
in [1] for the unstabilized Navier-Stokes equations and Shen considered a dif-
ferent second order time discretization scheme in [5]. It turns out that this
technique suffers from unphysical boundary conditions for the pressure that
lead to reduced rates of convergence. To prevent this Timmermans proposed in
[6] the rotational pressure-correction projection method that uses a divergence
correction for the pressure. A thorough analysis for this has first been performed
in [7] for the Stokes problem.

This report discusses the fully discrete algorithm and its behavior in terms
of convergence in time and space for the Navier-Stokes equations with grad-div
and LPS-SU stabilization.



Two approaches for proving convergence are considered. In Chapter 2 we
first discretize in time and apply afterwards a finite element approach for the
spatial approximation. In Chapter 3 we interchange the order of approximations
and apply the time discretization to a semi-discretized model that we considered
in previous papers [8, 9].

We comprehend our considerations with numerical examples in Chapter 4
and finally discuss the results in Chapter 5.

1.1 LPS Method for the Navier-Stokes Problem

In this section, we describe the model problem and the spatial semi-
discretization based on inf-sup stable interpolation of velocity and pressure
together with local projection stabilization.

1.1.1 Time-Dependent Navier-Stokes Problem

In the following, we will consider the usual Sobolev spaces W™P(Q) with
norm | - lyms(),m € No,p > 1. In particular, we have LP(Q) = WOr((Q).
Moreover, the closed subspaces WO1 2(Q), consisting of functions in W2(Q)
with zero trace on 92, and LZ(Q), consisting of L2-functions with zero mean
in ©, will be used. The inner product in L?(D) with D C Q will be denoted by
(*,)p. In case of D = Q we omit the index.

The variational formulation of problem (1.0.1) reads:

Find U = (u,pg € [L2(to, T; V) N L>™(to, T; [L2(Q)]%)] x L3(ty, T; Q) where
V x Q= [W,*(Q)]¢ x L3(Q) such that

(Oru,v) + Ag(w; U, V) = (f,v) YW= (v,q9) €V xQ (1.1.1)
with the Galerkin form

Ag(w; U, V) :=v(Vu,Vv) — (p,V-v)+(q,V - u)

=:agU,V)
+%[((w'v)u7v) —((w-V)v,u)]. (1.1.2)
=c(w;u,v)

The skew-symmetric form of the convective term c is chosen for conservation
purposes. In this paper, we will additionally assume that the velocity field
belongs to L>(ty, T; [W1>°(Q)]?) which ensures uniqueness of the solution.

1.1.2 Finite Element Spaces

For a simplex T € 7;, or a quadrilateral/hexahedron T in RY, let T be the
reference unit simplex or the unit cube (—1, 1)¢. The bijective reference mapping



Fr:T — T is affine for simplices and multi-linear for quadrilaterals/hexahedra.
Let P; and Q; with [ € Ny be the set of polynomials of degree < [ and of
polynomials of degree < in each variable separately. Moreover, we set

R (T) _J B (T) on simplices T'
: ) (T') on quadrilaterals/hexahedra T

Define

Vi1 :={v, € L*(Q) : vp|ro Fr e Ry(T) VT € Tp},
Y=Y, N WLQ(Q).

For convenience, we write V;, = Ry instead of V}, = [Yh,k]d NV and Q) =
R:t(k—l) instead of Q) = Yh,:i:(k—l) naQ.

Assumption 1.1.1. Let V}, C [V31]¢NV and Q; C Vi _x—1 N Q be FE spaces
satisfying a discrete inf-sup-condition

inf su (V-v.9)

p w29 555 1.1.3
. v T (1.1.3)

with a constant 8 independent on h.

1.1.3 Local Projection Stabilization

For a Galerkin approximation of problem (1.1.1)-(1.1.2) on an admissible parti-
tion 7y, of the polyhedral domain 2, consider finite dimensional spaces V;, x @, C
V x @. Then, the semi-discretized problem reads:

Find Uy, = (up,pn): (to,T) — Vi X @, such that for all V), = (vp,qn) €
Vh X Qh:

(Orup,vp) + Ac(un;Un, Vi) = (F,vp). (1.1.4)

The semi-discrete Galerkin solution of problem (1.1.4) may suffer from spu-
rious oscillations due to poor mass conservation or dominating advection. The
idea of local projection stabilization (LPS) methods is to separate discrete
function spaces into small and large scales and to add stabilization terms only
on small scales.

Let {M}} be a family of shape-regular macro decompositions of € into
d-simplices, quadrilaterals (d = 2) or hexahedra (d = 3). In the one-level LPS-
approach, one has Mj, = 7,. In the two-level LPS-approach, the decomposition
Trn is derived from M by barycentric refinement of d-simplices or regular
(dyadic) refinement of quadrilaterals and hexahedra. We denote by hr and
h the diameter of cells T' € T, and M € M,,. It holds hy < h < Chy for all
T CM and M € My,

Assumption 1.1.2. Let the FE space Y, i, satisfy the local inverse inequality

vahHO,M < C’h_1||vh||07M Yuy, € Yiw Mc My, (1.1.5)



Assumption 1.1.3. There are (quasi-)interpolation operators j,: V. — V}, and
Jp: @ — Qp such that for all M € My, for all w € V N [WH2(Q)]¢ with
1< <ky+1:

lw — juwlonr + bl V(w — juw) o < CR|w]lwi2 (0, (1.1.6)
and for all g € QOHI(M) with 1 <1 <k,+1:
llg = jpallonr + RN (a = Gp@)llonr < Chlllgllwre oy)- (1.1.7)
on a suitable patch wy; D M. Moreover, let
[ = juvllLean) < Chlvlwren Yo € [WH(M)]4

Let Dpy C [L%°(M)]? denote a FE space on M € My, for uy. For each
M € My, let mpr: [L2(M)]* — Dy be the orthogonal L2-projection. Moreover,
we denote by ks := id — mys the so-called fluctuation operator.

Assumption 1.1.4. The fluctuation operator ky; = id — my; provides the ap-
proximation property (depending on Dps and s € {0,--- ,k}):

HKIJMwHO,]M < Chl||'w||sz(M), Yw € Wl’2(M), M e ./\/lh, = 0,...,s. (1.1.8)

A sufficient condition for Assumption 1.1.4 is [Ps_1]? C Djy.

Definition 1.1.5. For each macro element M € M, define the element-wise
averaged streamline direction uy; € R? by

),
uy = — | u(x) dz. (1.1.9)
[M| S
This choice gives the estimates:

UM = Ul|Loo (M), U —UM||Le(M) = UlWwioo(M)- L.
lunr| < Cllu| | | < Chlul (1.1.10)

Now we can formulate the semi-discrete LPS model:
Find Uy, = (up,pr): (to,T) = Vi X Qp, such that for all V;, = (vp,qn) €
Vh X Qh:

(Opun, vi)+Ac(un;Un, Vi) +sn(un; un, vi) +t(un; wp, vp) = (f,vn) (1.1.11)

with the streamline-upwind (SUPG)-type stabilization sj, and the grad-div sta-
bilization ¢ according to

sp(wp,u,yp,v) = Z v (kv ((war - V), k(Yo - V)v) e (1.1.12)
MeMy

t(u,v) :=v(V-u,V - v). (1.1.13)

The set of stabilization parameters 7,7, v has to be determined later on.



1.2 Time Discretization

For the discretization of the time interval [to, T] we consider N equidistant time
steps of size At = (T —tg)/N yielding the set M = {to,...,ty =T'}.
In order to abbreviate the discrete time derivative we define the operator D; by

3u” — 4u ! 4 2

D™ =
v AL

(1.2.1)

Defining Y, := V¥ & VQ;, C [L2(Q)]¢ the fully discretized and stabilized
scheme reads:

Find uy,, € Vi, u}l, € Y}, and p}l, € Qp

(31]& —dup;t ) ?
2At
+ (V- upy,, V- vp) + sp(Uyy, Upy, Upy, UR) (1.2.2)
= (f" o)+ (Ph >V - on)
a2t|39 =0

,vh> (VL Von) + (@0, @y, vn)

3ul, — 3up,
2At

VO pz;1>,yh) ~0

(V : U’Zta Qh) =0

Upyloo =0

(1.2.3)

holds for all v, € Vi, y, € Y, and gy, € Q.

From here on we assume @, C H'(Q). We call (1.2.2) the convection-
diffusion step and (1.2.3) the projection step.
The LPS stabilization used here is a discretized version of the previous one. In
particular,

sn(w,u,y,0) = Y T(ka((war - V), ka (yar - V)v)),
MeMy,

with wjy; = ﬁ f M w(z)dx and a stabilization parameter that coincides with

the semi-discrete, time-continuous one at all ¢, as 7, = Tap(t,). We assume
that s, is linear in each argument; in particular, 73, must not depend nonlinearly
on the arguments of sj,.

Remark 1.2.1. By testing equation 1.2.3 with wy, € VZ“’ we derive
(uf, — Uy wp) =0 Vawy, € Vi (1.2.4)

e

Hence, u}, is the L?() projection of uy, onto V¥ and |[ull,|| < |ay,



Choosing a slightly bigger ansatz space Y;ll = Vi + VQy, instead of Y, we
can eliminate the weakly solenoidal field u},, and replace (1.2.2) by the equation

(Dﬂzt, vp) + V(VaZt» Vop) + C(aZtQ ﬁZta vp)

+ 51 (Wpg, Wiy, Upyg, V1) + (V- Uy, V- 01)

n Towr 5o 1, (1.2.5)
= (f",vn) + (Spht Lo gPh gph Y vh)
Upilon =0
and equation (1.2.3) by
3V.-uy
v n _ ,n—1 7v _ ht7
(V(Phe — Phr )s Van) (2At qn (1.2.6)

(n - Vppi)loa = 0.
uy, can then be recovered according to

n _~n n n—1
Upy = Upy — V(Phy — Py )

This is the approach that we are going to use in our implementation. The
equivalence of the two formulations (1.2.2), (1.2.3) and (1.2.5), (1.2.6) has been
considered by Guermond in [10] for a first order unstabilized projection scheme.

Remark 1.2.2. For the first time step we use a BDF1 instead of the BDF2
scheme. In particular, the convection-diffusion step and the projection in the
fully discretized setting read

Find uy, € Vi, ull, € V¥ and p, € Qy such that

U, —u _ 1
(htAtht, 'uh> + I/(Vu,llt, V) + c(u}bt; u}bt, vyp)

+ Sh(aflwv ﬁilztvallztvvh) + ’Y(V : a’llzta V- vh)
= (flavh) + (p(f)LtﬂV . Uh)a

. (1.2.7)
Upiloo =0

Uy —ay, 1 0 _ 1 _
N +V(Ohe = Phi)sYn | =0, (V-upy,qn) =0

Uplon =0
holds for all vy, € Vi, y;, € Y, and gi € Qh.

The initial values are chosen according to wy, = u9, = j,u(to) and pf, = jp(to)
using the interpolation operators defined in Assumption 1.1.3.

Definition 1.2.3. Consider sequences u = (u', ..., u"N) € A" of vector-valued

and p = (p',...,p") € BY of scalar-valued quantities, where A and B are



normed spaces and 1 < n < N. The norms we want to control are defined by

N N
lwlfegeg ra) = DAY a2l rim) = A 19" ]15,

n=1 n=1
||u||l°°(tg,T;A) = 1?:%}(1\[ H’U»n”A, ||p||l°°(t0,T;B) = 12[52{1\/ HanB~

For quantities r that are continuous in time we identify r by its evaluation at
the discrete points in time (r(t1),...,r(tx))7.



Chapter 2

Temporal-Spatial
Discretization

In this approach we want to consider the error that appears when discretizing
the temporal approximation in space. By the triangle inequality the total error
is then bounded as

U = U] < U = U + U — Ul (2.0.1)

The assumptions that we impose for this approach are given by

Assumption 2.0.4. The temporal discretized quantities fulfill the regularity re-
quirement for any 1 <n < N

uf € [HY Q)Y p) € H'(Q)

2.0.2
ap, € [H'(Q)Y piy € HY(Q). (2:0:2)

and we assume for the continuous solution

w € L®(to, T; [WET12(Q))Y),  dpu € L®(to, T3 [H*(Q)])
p € L¥(to, Ts WH12(Q)) N H?(to, T5 H' ().

2.1 Stability of the Fully Discretized Scheme

A first important ingredient for our analysis is to derive a stability result on the
fully discretized problem.

Lemma 2.1.1. There exists C > 0 such that for all 1 < m < N it holds the

10



stability result
[ 1 + (A1) Vi Ig

m
+AtY {I/HV’INI,ZtHS +AIV a3
n=2

o ducug I + sn iy, @i, i, )|

4
~ ~1
< gy I + [12p I + (122, — w5 + g(At)QHVp%II%
4 C
+ 5 (A2 (Vphll} + A0 Y 717
n=2

Proof. Due to the projection step (1.2.3) tested with pzt_l we have

2At n n— n—
T(A(pht — Pht l)apht 1) =0

;!
e loqa-

~(V - apppy ') +

ap;:t | —
on o0

Testing with 4Atwy, in (1.2.2) yields due to skew-symmetry of ¢
2 (3uy, — dup, "+ up, %y, + 4AWw(Vay,, Vay,)
FAALY(V - by, V- gyy) + AAEsp (Wpy, Wy, Wiy Uy )
Dy, Wy ) + AN ) — AR )
= AAL(f" ay,) — AAH(Vph, Uy,)

Adding these two equations together then gives

2 (3up, —4up; "ty % an,) +AAW|| Va3 + 44ty ||V - a3

~n ~n ~n ~n 8 n — —
+ 4At sk (s Uy, Upy, Upyy) + g(At)2(V(pht — Phi 1)7 Vi, 1)

=4AL(f", up,)
VAt C o
< A==V [Ig + 4at— [ 7112,
v
The first term on the left can be split (cf. (A.1.1)) according to

(2305, — dujy "+ up ) uh) = i+ L+ Iy
Iy i= 3|y, |I5 + 3llugy, — w5 — 3wl

Ty = 20, — ufy, 3uf, — 4ul ' 4wl ?)
Iy o= a3+ 120fy, — w3+ 1 Guvsi 13

=l 5 = 120 — g 113

The second term vanishes
3

I, = n—2
VN

(v<p2t _p;;;l)a 3up, — 4“2;1 +up, )

11

(2.1.1)

(2.1.2)

(2.1.3)

(2.1.4)



- Zt_ Z;lﬂ ’ Zt_ ht th -
(pry — pry V- (Bu 4ulTt +ulm?) =0

due to the fact that u}, is weakly divergence-free.
Using the identity (a — b,b) = 3(||al|3 — [la — b]|3 — [|b]|3) we have

Bl 15 + 3l — wh,lI§ — 3llui,ll5

g 1§ + 1205, — g 3+ 10w |15 — [luhy I3

—l2uh; " = up G + At Vg, |13
+ ANV - g |[5 + 4D s (g, Whys Uy, Upy) (2.1.5)
4 o
+ 3 (A7 (IVPhlI§ = IV (re = P DIE = VPR 13)
. CAt
= AAH(f" Agy) < vAHIVER G+ == f"]2)

nVVe now use that ul!, is an L?(Q) projection of uy, and therefore [|ul,| <
l|ap, || (cf. Remark 1.2.1):

=

H ~MN ~MN

W |13 + 3llagyy — gy |[5 + (|2, — Upy i+ (At)QHVPZtH(Q)
+ 3Atw || Va5 + 40ty |V - g, 1 + ||5ttuth(2)
+ AAtsp (Upy, Upy, Upe, Upyy)
< 3llwh, )13 + 3llugy — w3 — 2lupllg + 12uh, —uh 3
+ S (ANPITRRIR + 3O VIR + 480 |V -3 (2.1.6)
+ ([0 |5 + 40t sn (Uhy, Uy ﬂZtv )
< g MG+ 2uh, ' - uh %G + (At) 1705 1B

4 CAt .
+§(At)2||V(pht Phe )||0+7Hf 12,

The projection equation tested with pj, — pp, L yields
t ~ _
THV(pht Pht )Ho = —(upy — Uhy, V(Dhe — Py )
< by — IV (R — oy ) (2.1.7)
4 _ ~
= g(At)QIIV(pZt —phy DIE < 3lluf —ap, 3
We insert this in the previous estimate

n— 4 n ~n
[ I + 12y — gy [1F + g(At)2IIVpht||§ + 3Atw|| Va3

+AAY|V - g 5+ (|G |[5 + 4At3h(uht7 Uy, Upyys Uy ) (2.1.8)

NTL CAt
< g, 3+ 2uh; ' - uh G + (AL‘) VDR Ho+7||f [

12



and sum from n = 2 to m:

~ _ 4
@G + 12wk — w5 + (A2 VPrLS

+ [%tVWﬁﬁtllﬁ +AAY|V gy [F + [y 13

n=2
o+ ADsn (i8f Tpy, r, 07) | (2.1.9)
4
~0 ~1
< |6 + e 16 + 1126, — iy 6 + 5 (A0 [Vl
4 C
+ SAITphE + A AR,
n=2

and thus the desired estimate since sy (Upy, Upy, Upy, Upy) > 0. O

2.2 Time Discretization

For the time discretized velocity Wy = (u¢, pr) we consider a grad-div stabilized,
but spatially continuous problem:

Find w} € V,w} € V¥ and 77" € Q such that

~’I’L_4 n—1 n—2 - ~
(PR ) 4 (9@ Vo) 4 (7 5,V o)

2At
= (f",v) = (Vr 1 v) — c(u(ty); u(t,),v) (2.2.1)
wy'|oq =0
<W +V(ry - rf‘l)m) -0
(V-w?, q) =0 (2.2.2)
wi'lpn =0

holds for all v € V and ¢ € Q.

Compared to the fully discrete case where we test the projection equation in
Y, we do not need an auxiliary space due to the Helmholtz decomposition

V =vV¥"avQ.
Definition 2.2.1. We denote the errors for this semi-discretization by

Mo = u(tn) —wi 0y =ultn) -/, 1y =p(tn) —r{-

13



2.2.1 Initialization of the Time Discretized Scheme

We first need a bound for the errors induced by the initialization. The result is
given by:

Lemma 2.2.2. The initial errors due to time discretization can be bounded as

v ~ ~
IV 113 + 119113 + <7 (VA1 + 1V7]13) < C(At)

(2.2.3)
15 + IS l13 + 17505 + 7113 < C(an™.
Proof. The error equation due to the convection-diffusion step reads:
<7~7i — 1 'u) +v(VA,, Vo)
At v (2.2.4)

—|—’y(V-'7[11L,V-v)+(V(p1 —7"?),’0) = (Rlav) VveV

where the residuum R' is defined by

(R',v) := (W - atu(tl)m) :

Testing this equation with ﬁi yields

7115 + v ALV + v ALY - 7,15
< ([[n%]lo + At(IV(®° — Y]l + R o)) 177010 (2.2.5)
< C(At)4(HUH%/VLOO(tO,T;LQ) + HPH%/VLOC(tO,T;Hl))'

Here we used ||R'|lo, [|V:p(t1)]lo < At due to the regularity assumptions 2.0.4
and (generalized) Taylor expansion and that ° vanishes.

Next we consider the error equation due to the projection step. For all ¢ € @

it holds

1 =1
(myq) +(V(p(t) = 1), Va) = (V(p(t1) = p(to)), V). (2:2.6)

Choosing q = p(t1) — r} we arrive at

ALV (p(ty) = r)I§ < Imllo + AtV (p(to) = p(t)) o)1V (2(t1) = 74)lo
< CALP(lwllfyroo o,1i22) + 1P (19 7:10))

where we used that 7, is weakly solenoidal. Testing (2.2.6) with i} gives

a5 < (ullo + AtV (p(to) = p(t2)llo + 1V (p(t1) —ri)llo) Dmullo  (2.2.7)

and finally L3 < COAD w3 iy 12 + P13 (o))

14



Next, we need an estimate for ﬁi Applying the same technique for n = 2
with the abbreviation R? := Diu(ty) — Oyu(ts) gives

3773 — 37, 2|+ (V (772 _ 7~71> Vﬁz)
2At I u u u I u
= (R) + ¥ (rf = p(t),02) — v ( () — 00, Ve
3y, — 30, > My — M 2
* ( oar e T\ Taar M
= (B + (V (il —p(t2)72) — v (V (7L - 7)), Vi)
1 _ .0 3
# (a4 5 (V0 -0 )
= (B.7) —v (v (7, - #?)
5, 3, > M =1 2
B e N u T
+(V (2Tt 2Tt p(2)>7nu)+< 2At y M
1 0
—(R2.72) — ( (~1 _~o) ~2> Ny — My ~2
(B 1) = v (VT =1 ), Vil ) + | Z5x7 T
5 1 ~2 5 3 ~2
2 (V= p ) ) + (Y 5p () = Splte) ~p(t2) ) 2
. ~2 ~2
< min{CAL|a, llo, CALM, 11} ([elfy1.00 4 7:2) + 121w (1 201
~2 =1 ~2 =1
ﬁ”’h - TIqu + VAtHnu - T’u”%
4
< C(At) (HUHZVVL“’(tU,T;L?) + HpH%/VLOC(tO,T;Hl))'
Since the error ., is an orthogonal L?(Q2) projection of ﬁi we also get
~2 =1
7% = 1l < 17 — Tull5 < CAO (ullfyr g 7i22) + 113100 g 7:011))

For the pressure error we again use the projection equation

2 9~2
(Vb = 12), ¥a) = (V(p(ts) — p(t2)), V) - (Ww)

< CAt|Vallo(llullwreto,1;12) + [[Pllwrise o, 1;m1))  (2:2.8)
= IVipllg < Va3 + 1V (n, — )5

< C(At)Q(HUH%/I/LOO(tO,T;L2) + ”pH%Vl’OO(tO,T;Hl))'

2.2.2 Error Estimates after Initialization

Now that we know how to bound the initial errors we first derive an estimate
on the difference between the solenoidal error 1}’ and the non-solenoidal error
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77.". The derived estimates give us the convergence behavior with respect to the
H'(Q) and the divergence error. Finally, an inverse Stokes operator is used to
get the desired estimates for ||77;," ||o-

Lemma 2.2.3. For alll <m < N it holds
In =M llo < C(AL)?,

w =

Proof. The error equation due to the convection-diffusion step (2.2.1) reads

87, — Ay~ +
2A1
= (R",v) — (V(p(ty) —r '),v) YweV

,'v) + (VA" Vo) + (V- €,V - v) (229)

where the residuum R" is given by

(R".v) = (3u(tn) — 4u(2tg,tl) tu(tn-s) 5tu(tn),'v> '

Since the propagation operator is linear we also get
36{;?2 — 45{'72’71 + 5{[]372
, U
2At
+v(Vom,, Vo) +v(V -6y, V - v)
= (6:R",v) — (Vo (p(ta) — 177 1), 0).

(2.2.10)

Now, we can do the same for the error due to the projection step (2.2.2):

(35#73 — 307,

n n—1
SAT + Vo, — Véi(p(tn) —ri ™), Vq) =0. (2.2.11)

Testing the incremental error equation (2.2.10) with 4Atd,7, we arrive at

(2(368:my — 46~ + &M ?), 6:70)
+ AAW|| V8, 15 + 4AtY ||V - 8y |15 (2.2.12)
=4At(6:R" — Ve (p(tn) — 7’f_1)7 8:71).

u

The first term is then split (cf. (A.1.1)) according to

(2(30¢m,, — 40imy " + 0um =), 61,) = 1 + T2 + I3
L= 316:my 15 + 3l16m7 — &m 15 — 3l16mi 113
Iy := 2(6,77,, — 6y, 36y — 40y + 6 ?)
I3 = (|6 15 + 12007 — 6emy 15 + 16eeamiy 13
— [18emy = 15 = 11200m5 ™" = em 2115

16



The second term I> vanishes

3

mb = (V(6e(p(tn) —ri™Y) = demyy), 36y — 46y + 6y )

—(6(p(tn) — 17 ") = 6,V - (36ympy — A6m "t 4 6im?))
=0

due to the fact that u and w™ are weakly divergence-free.
Now, we test the error in the projection step (2.2.11) with dyn)~ L=

8¢(p(tn_1) — 7~ 1) and get after integration by parts for the first term

~ (gt Voo(ta) - 117
—(Voe(ny —mp 1), VoY) + (Vi (p(tn) — p(tn—-1)), Ve )
1 n n— n—
= —§(||V5m§H<2) = IV8e(ny =25 = IV6emz M I3)
+ (Vo (p(tn) — p(tn-1)), V™)

n—1

Using the projection step (2.2.11) again and testing with &;(n, —n, ™) we derive

2At n—
=5 IVéery =y~ IS

< NI6vmis = SeiullolI Ve (=m0

+2Af(v5t(< tn) = p(tn—1)), Voi ( — i) (2.2.13)

< b = 8T + SV — oy IR
+ 22 Tbup(t). V(o — )
and thus
— 44t (877, Vo (p(tn-1) — i)
< S (AR(VE(p(tn) ~ plta 1)), Vo ™) — 5 (A0 Vo 3
(a

(A (Voup(tn), Vor (1, —1p~1).

w| oo

+ = (A2 |Vomr 1§ + 3lldemy — demy |15

OJ\OOOJM-B

Combining all the estimates gives

3|67, 15 + 3l|6emyy — S 15 — 3lI6em I
+ 16em2 1§ + 126:mi — Semi M 1G5 + 16eeemir |13
— 16em MG — [120em " — Seml 213

17



4(At)?

+AAt VoI5 + 4Aty |V - 6,15

V& II5
8 .
< 4At(5tR", &my,) + g(At)2(V5t(P(tn) —p(tn—1)), Vo)

la 21V~ I + 3l16emy — Sem 15

OD\OOOO\

(A (Vorp(tn), Vor (i, —my "))

1.2.1
and using [|[n"]l0 < |70 |lo we derive

1877115 + 1200m% — Semiy ™[5

+ 1013 — 07 NI — 120em =" — dem 213

—n np 4 n
+AA||Vaayll5 + 42tV - 5" 5 + g(At)zllwmpllg

g(At) ||V§t77 ||0 + 4At(5tRn 6t~n) + 4At(V5ttp(tn), 6,562)
8

+ 3( ) (V5ttp( ) Vémp)

4

(AL)?([Voy, = [[§ + AAL] 6 R™ |7 + At]| 677,15

w

—n 8
+ 4L Vp(t) 15 + Atfl6:m (15 + gAtIIthp(tn)H%
2 n
+ 20V
Next, we sum this equation up from n =3 to m < N:
~m m m— 4 m
167, 15 + 1126em5y" — demy—H|1G + g(At)lewmp [

+ Z (16eeemiy 15 + At ||V oemy, 15 + 4Aty(IV - 6:7"[15)

n=3

< 023+ 2602 — aumb 3+ S(AD2VaE
#003 (2lais + 3<At>2|vamg||3)
n=3

+ ALY (410 R[5+ T)07p(ta) 1T (AD)*) .
n=3

Provided that 2At < 1, the discrete Gronwall lemma for |67, |3

18



3(At)?|[ V|3 yields in combination with the initial estimates
~m| 2 m m—1(2 4 2 m||2
18e72,,° 116 + 120em" — dem™ [l + 5 (A8 V[l

+ ) (15eem I + 4DtV | Vo |1} + 4Dt ||V - Gy |13)
n=3

A (2.2.14)
< 167213 + 126m% — Semy, 1§ + 3 (A?[[Vomg|s

+CALY  ([6: R[5 + (An)*) < C(Ab)*,
n=3

since |6, R"||3 < C(At)%.
The projection error equation states

. 2AL
I = o = =51V 6 = 8ep(tis)) o
2At
< 22198 o + 10p(trs1)lo)
c(a

t)%.

| /\

Corollary 2.2.4. For all 1 < m < N it holds
VIV IS + A1V -5 < CAE. (2.2.15)

Proof. Due to (2.2.14) we have

>INVl + IV - sanll) < C(An)?

n=3

and therefore via triangle inequality and initial error estimates

VIV o+ VAV -7 llo < D (VPIIVEmLllo + VANV - 8i7illo)
n=1

m 1/2
<C <mZ(V||V5tﬁZ||g +9|IV - MZII%)) < CAL.

n=1

due to m < N = 1/(At). O
Lemma 2.2.5. For all1l <m < N 1t holds

703 < c(At)?, (2.2.16)
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Proof. Next we want to bound ||7;,||o. Therefore we eliminate " in the error
equation corresponding to (2.2.2) to get

(3&2 R

oA ,v) +v(Vn,,Vv)+~v(V-7n,,V-v)— (R",v)

_ z n—1 _ § n—2 1
= (V(—p(ty) + 5" 3" + 3
=:(V(",v) YveV.

7“"_3), ’U)

Now we test the equation with the inverse Stokes operator (A.4.1) applied
to 4Atn,:
(2037, — 4my ' + 7,7, S7) + AA(V, VST, + AA(Y -7,V - S7y)
= 4At(R", Sm,,) + 4AL(V (™, Sm) = 4AH(R™, ST,,).

using ST € V4. Recall that S is a self-adjoint operator:

(v, Sw) =v(VSv,VSw) +v(V - Sv,V - Sw) + (ry,, Sw)
=v(VSw,VSv) + (V- Sw,V - Sv) + (ry, Sw)
= (v, Sw).

By the definition of the induced semi-norm |u|. = (u,Su) and the splitting
(A.1.1) we get

77l2 + 1277, — ﬁ’iflli + 8¢ |2
+ 4Atv (Y, VST, + 4Ay(V -1y, V - S77,) (2.2.17)

= AAHR", ST + |y~ 2 -
The consistency error can be bounded as

- At -
AAHR" 7)) < AZS RV, + At ST

(A45) At

e T RN
<42 R, 4 AR
Using (A.4.7) with e = 2 (21’%)_2, the diffusive term and the grad-div stabi-
lization can be estimated by
ANty (Vi VST,) + AAt(V - 17, V - Siy) > 248 [ 1§ — eAtl|my — nyll3.

2v+~y

v

2 .. . .
where ¢ = 2 ( ) . Combining these estimates we arrive at

~ ~ ~n—1 ~ ~
[T l2 + 1205 — 0y 2+ Sumy|? 4+ Aty

20



< ASLIRNZ, 2 = T + et — R

that yields summed up

~m ~m ~m—1
7 2+ |20y — 7, |2+Z [0t |2 + At[3[5)

n=3
- 2 o~ At I (2.2.18)
< i = ikl S (45T IR, + el - mt)
n=3
< c(At)h
In particular, we derive
Atz 170 -2 gty = Atz 172 < (A, (2.2.19)
2
In order to get an [*°-estimate we use (A.4.7) again with e = 2 (21/‘;7) and

obtain from Lemma (2.2.3) together with (2.2.18)

= 2 ~n 2 g n2
17ulli5 (20,3112 0070y < Clgfiév Ml +C (1 + ;) haxy 17 — 2l

< (C + (1 + %)2 CG,lin> (A,

14

2.3 Spatial Discretization
Now that we considered the discretization time, we finalize this approach with
the discretization in time. The problem that we consider in this section reads:
Find uy,, € Vi, u}, € Y}, and p}l, € Qy, such that
~ 2
3uy, — 4uht + upy
2At
+ c(Upy; Uy, VR) + S (Wpys Uiy Upyy V1) (2.3.1)
+ 7(v : ﬁZta V- vh) = (.fna vh) (VP}”& y U )
Upylon =0,

h> + V(Vﬁ;wl,tv V’Uh)

3uy, — 317’2 n n—
(thAtt + V(phe — Ph; 1)7yh> =0

(v . ’U'T}:tvqh/) = Oa
uplog =0

(2.3.2)

holds for all vy, € Vi, y;, € Y, and gp, € Q.
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We compare this with the discretization in time:

Find @} € V,w} € V¥ and r? € Q such that

~n 4 n—1 n—2 ~ ~
<3wt u2’tAt W ,'v> +v(Vwy,Vov) +~(V - @),V - v)
2.3.3
=(f"v)— (Vrffl,'v) —c(u(ty);u(t,),v) YveV ( )
wy'lsq =0,
3w? — 3w} e
(LR 4 90p =y =0 vy € [
(2.3.4)

(V-wi,q) =0 VYgeQ,
wi'|aq = 0.
2.3.1 Notation

We use the abbreviations
~n . an .~ n R n . n n o ._ .n . on
Mup = Wy = JuWy, My p = Wy = JuWes  Tpp =Ty = Jplt

for the approximation errors and

(L (2 no . s o.mn n n o ._ s .m n
Cuh = JuWe,y €y p = JuWy — Upys,  Cpp = JpTt — Pht

for the discretization errors. That is the errors due to spatial discretization can
be written as

= ~n  ~n ~n ~n
Eun =W, — Uy =My 5t €y, &opi=wi —uy, =my, +ep,
n_ o ._ n n o __.n n
Soh *=TL —Pht =Ny T €pp
2.3.2 The Interpolation Operators

We choose j,uj := wj, as solution of the Stokes problem
Find wj, € V}, and E’f;l € @y, such that

v(Vwi,, Vo) +v(V - wp,, V- vy) — (?}’ft_l, V -vp)
= V(VUJ?7 V'Uh) + rY(v . 'LU?, V- vh) - (T;fn_17 % Uh) (235)
(V-wpy,qn) = (V- wyi', qn)

holds for all v, € V}, and q5, € Q.

and (j, @ := Whpt, jppt = The) is given as solution of the Stokes problem

22



Find w}, € V}, and 7}, ' € Qy, such that
v(Vwh;, Vor) +9(V - @, V- vp) — (1 V - op)
= V(V'&)?, V'Uh) + ’Y(v ° ﬂ)?a V : 'Uh) - (Tt 7v : ’Uh) (236)
(V- why,qn) = (V- w0y, qn)

holds for all v, € V}, and ¢q5, € Q.

According to [11, Theorem 1] the solution of the grad-div stabilized Stokes
problem can be bounded by

AVALIES it (V@ —wn) IV @ wn)?)
h h

+47 inf ||p? — qn|?
v~ of Pt — anllo

. ~ 1
S inf  (v4y)|[V(@y —wa)|g+ = inf pf — a3
wp EVIY Y qn€Qn

This result can easily be extended to include the grad-div stabilization on
the left-hand side and using inf-sup stability we arrive at

vV IE + AV - anliE + el

. ~nN 1 : 3
gc( inf (v + )@ —wi) [} + - ||pt—qh||8>~
Y an€Qn

wy, evﬁiiv

Using interpolation results according to Assumption 1.1.3 and the local
inverse inequality (Assumption 1.1.2) we get the bound

vlanll + IV Al + oI + 2V 15

—n 1ok (2.3.7)
< O+ DR NG [Fyrsne +7 B2 0] [ F iy .2)
and using the Aubin-Nitsche trick
7115 < CRP(wlm It + 1V - 73 l3)
(2.3.8)

< (v + NP2 [fyru + vh% TP 1y pen.2)-

This gives us stability according to

| nax ([l + vlwhe I} + IV - why 5 + Pl

< max (|75 + v IVaullt + AV - 7ulle + [Inp 15
lsn<N : (2.3.9)

w15 + IV 13+ 1V - @l + 7 15)
< O max (@15 + vIIVay |l + 1V - @ll5 + llpyll5) < C.

For 1}, we achieve analogous estimates.
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If the time discretized solutions are not sufficiently smooth, we use instead
of the approximation properties of the Stokes interpolant the splitting u; =

u(ty) — EZ Combined with Assumption 1.1.3 and the time convergence results
of Section 2.2 we obtain

~ ~ . ~1
18 < 10 ll5 = 1(w(t) = 1) = dun(u(ts) = 7,115

< Clluts) = junw(t) 1§ + Cllhy — Guniuls
< Cllu(ty) = jupu(ty)|§ + CL |V, I}

~1
||nu,h

1
< O(v+y)h%et2 4 Cy~Ip2ke ™ 1 CALPH? (”7 - ) ,
v vy

VIV ull5 < CVIIV(u(ty) = junw(t)) G + CVIIV Ty = juniie) 13
< Cv||V(u(tr) = junu(t))|§ + CvlIVa, |3
< C(v+7y)h* 4 Oy 1h2o 2 L CAR (v + v +~471)

and analogously for My, and 10y .

2.3.3 Initial Errors

For the first time step we use a BDF1 instead of the BDF2 scheme. In particular,
the convection-diffusion step and the projection in the fully discretized setting
read

Find 17,1” € Vh”u’}Lt €Y, and p}tt € @y, such that

~1 0
u —Uu ~ ~ ~
(htAt htmh) + V(Vu,ln,Vvh) + c(u,llt;u,llt,vh)
+ sn(@py, py, Wy, v5) + (V- Uy, V- vp) (2.3.10)

= (f',vn) — (VPhvn) Yo, €V,

Uploq =0,

wl, —ur
(M + V(piln - p?Lt)a Vy,| =0 Vyp €Yy

At
) (2.3.11)
(V-up,qn) =0 Vi € Qp,
U}Lt‘ag =0
with the initial values %y, = j, Wy, u), = j,w? and p, = j,r0.
Therefore the initial discretization errors vanish: ||Ae'27h | = ||62,h|| = [[n9]l = 0.

The technique used in the next Lemma is the same as later for the case
n > 2. For the sake of completeness, we nevertheless write it down at both
places.
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Lemma 2.3.1. The initial errors due to spatial discretization are bounded by
C(1-K) e, l5 +vAt|Ve,,lls
~ ~1 ~1
+ ALV - eu,h”g + 2At Z Tarllrar (@, - v)eu,h)”g,l\/l

Mth
1 At
< ((y + ) h2Rut2 T2kt A¢2p? (”” + )) <1 + ) (2.3.12)
v vy v
(v + )2kt 4y~ 2p8td L AP () 4y 412
+ At 3
v
N R 2kp+2 -1
+ At max {73]a),]} (Mh%“ + —l—AtQV—i_,y—&_’y +h23)
MeM,, v vy v
where K is defined according to
At (V+’y)2h4k” +772h4kp+4 —|—At4(l/—|—’y+’yfl)2
K:=— - At = .
v v

Proof. Testing the difference of the convection-diffusion equations with ’éi’h
gives

[0 nlls +vALIVE, (1§ +vALV - &, 413

+at S (rhillear (@ - 90200 13)
MGMh

1 ~1 ~1 1 ~1 ~1
= At(c(uhtv Upy, eu,h) - C(wt y Wy, eu,h))
1 ~1 ~1 ~1 1l <1 ~1 ~1
+ At(8p(Wpt, Upy, Upys €4 ) + Sh(Wpy, €4 s Upys €4,1))
~1 ~1 ~1
— AUV €y n) — (Mo — Mo €u)
<1 1 1 ~1
- I/At(vnu,fw veu,h) - vAt(V ! nu,hv V- eu,h)

~1 ~1 ~1 ~1 ~1 ~1
= At(c(Upy, Upy, eu,h) - c(w;, wy, eu,h))

(2.3.13)

~1 ~1 ~1 ~1 ~1 ~1 ~1 =1
+ At(8n(Why, Wpy, Uiy, €4 ) + Sh(Wpy, €4 s Upys €4,1))
~1 0 =1
- (nu,h - nu,}w eu,h)'
In the last step we used the special choice of the interpolant.

o~ ~ . .
Due to 77, + Eun = ulty) — @, we calculate for the convective term using
skew-symmetry and

culty), ultr), 8L ) — cliihy, Ghe, €5 1)
— (& u(tr), B0 ) + (Wb pr Bl )
+ (7, ulty), Ei7h) + (T, ﬁivgi,h)
— (€ ulty), B ) + c(ults) — 1L — &g 1o L)

~ ~1 ~ 1 1
+ C(qulu ’u’(tl)? eu,h) + C(u(tl) - 'rlqlL - Eu,h? N> eu,h)
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_c(ﬁi,h+ﬁi7u(t1)7gi,h)+c( (t1), nuh+nu7 uh)+c( €uns U (tl)véi,h)
- C(ﬁi + 7~711L,h7 ﬁi + ﬁi,hvgi,h) + C(eu,ha nu,h + s eu,h)'
These terms can be estimated as
(T + T w(t1), €y p) < Cllm n o+ allollw(t) 2l€y 1
< *Hnuh + 5 a5 + ﬁ\léu,hﬂf
c(w(t)s o + s €un) < C”T]uh +ulloflw(t)ll2l[€g 11
< *Hthr"lull [a(t)]I3 + 32\|Eu,h|lf
c(@unsu(t), €y ) < Clleg pllollw(ty)llz ] €y nlh
< Tt alBlha(ea) 3 + 2 2
(T + T T+ s €un) < Cllﬁi + ﬁi.hII?HEH nllt
A
||nuh+null I&snl

c(€h Ty + 70, uh><c||euh||“2

oln + Ml + 16 Z[les a3

C’
<5 e,
For the last estimate we used the inequality

a1/2b3/2 _ (V—3/2a)1/2(\/;b)3/2 < C(((V_3/2a)1/2)4 + ((\/;b)3/2>4/3)
< C(v=3a® 4+ vb?).

In combination, the error with respect to the convective terms is given by

~1 ~1 ~1 ~1
C(u(tl)vu(tl)ﬂeu h) - (uhtﬂuhtveu,h)

Il + Wiald | )3 v
<Cle h|o< e R4 A

v3

C ~1
+—(n Tullt + T nllT A+ 1705 13 (E0)[3)-

For the nonlinear stabilization we again use w;, = w(ty) — (7., + ﬁih) and
obtain

~1 ~1 ~1 ~1 ~1 ~1 ~1 ~1 ~1 | ~1 ~1 ~1
h(Upp, Wy, Uy, eu,h) = sp(Upy, w(t), Upy, €y, ) = Sh(Upy, My, + M, by Whts eu,h)

<C Y myluyPlea(VeO)Ea +C Y0 a1V @+ )5

MeMy, MeMy,
1 ~1 ~1
+ 1 Z Tarllear (@ - v)eu,h)”g,M
MeMy,

26



<C max {rarlan ) (IIV(ﬁi e+ D IRM(VU(tl))Il?),M>

MeMy,
1 ~1 ~1
+3 > mallear(@ar - Ve, )15 -
MeMy,

‘We summarize the estimates in
At 7 lF + 17705114
c (1 = =) [ - ael T e

_ 1 ~1
+ VALV - eu,h”g + 2At Z Tagllear (g, - V)eu,h)H(Q),ZVI
MeMy,

< CAtMHé%(h{TNAuJVA } (II W IVTLAlE+ D IIHM(VU(M))H%,M>
MeMy,

~1 ~
[€unlls +vAtIVe, 3

~ ~1 ~
S T h||o+C Ll + 170,017+ 1775 5 et 113)
(2.3.14)

due to

~1 ~1
(M, = Mo €up) < Heuh||o+c||77uh mon G-
Finally, we obtain:
C (1~ K)|[eyul§ +vAt|Ve, 3

~ ~1 ~1
+AALV ey 5+ 288 Y Tl (@ - V)eun) 150
MeMy,

1 A
< <(V+7)h2ku+2 4y Rkt L A2 <V+’Y n )) (1+ t)
v vy v
(v + ~)2h %y =2RtRotd | APy 4y 4y 1)2
3

+ At

VYo, h%p” GVt +y7t 5
At m L h At h2 ).
+ Me?\)/t(h{T |uM‘ ; ( v vy + v +

For an estimate on the gradient of the pressure we test the projection error
equation with V(f;)h - 27,1) to obtain

2At
S IV (&n =&l
. 2At ||V( p,h 2,h)H(2) _ (gu,h - Eu,haV(lehh — §S7h))
IV (& = Epn)llo IV(EL, — €2 )0 (2.3.15)

< N&un = &unllo < llewn = ewnllo + lImun — 1.,
= (AL [V (& — & 5 < 1w nll§ + 117 ull5-
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2.3.4 Discretization Error after Initialization
Now, we are in position to state the error bounds also for n > 2.

Lemma 2.3.2. For all 1 < m < N the discretization error due to spatial
discretization can be bounded as

. _ 4
€6 + 112€Tn — ey 5 + 3 (AD[IVETIG

7 (A VEL LI+ AV -1 + 5uel

n=2

+2At Z Tyl ((why, - V)ey )||0M>

MeMy,
h2k: +4 1 1 1
< Capn <(u + )t ——— 4 APR? (W + )) < + )
k 5y v vy At v
C
+ =5 () oy R ARy ) (2.3.16)

u+w ok, h2’fp+2 I e S B
Can max ~——p AP 4 p%
C,
+ % (v + 7)h2k“ + Rt L AR (0 -y + 7).

The Gronwall term Cg,p, behaves like

T
CG,h ~ exp (1_[() (2317)
where
1 T+ 1m0 3
Ki=2+C— +CAt”H1VM (2.3.18)
1 A 214k, —2 4k,,+4 A 4 —1\2
g4+c< t At(erv)h +77%h 5+( v +y+7y ))
12 1%

and K <1 is required.

Proof. Subtracting the convection-diffusion and projection equations for w;" and
uy,, from each other gives for all v, € V}, and ¢p, € Qy,

3€yn — 4% n e re
2At

h> +v(Vey ,, Vo) +v(V ey, V- vp)

—1 ~ ~ ~ ~ ~ ~ ~
+ (v£;,h ) vh) + C(w?v w;l, vh) - C(“Ztv U’Ztv vh) - Sh(uZtﬂ uZtﬂ uZtv Uh)
~ —1 -2
o 3 — 4Ny 10
2At

’vh> - V(Vﬁz,m V’Uh) - 7(v : ﬁz,}u V- vh)

(2.3.19)
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and

3&un — 3EZ,h n n—1
< AT + V(& =€), Ven | =0. (2.3.20)

We first test (2.3.19) with 4Atey , to get

9 (3537h —derl el e h) +4At(VE" , Ve )
+ dAtsy (U, €y 4y Uy, € )
= —4At (c(w], Wy, €y ) — c(Upy, yy, €, 5))
AN (30 (@, Thy, Uy, €0 ) + S0 (Upys €t Uy, €0 )

- <3ﬁz,h — A )

Az ,eh> - V(V""Iu,hvveh) (2.3.21)
(V- ﬁz’m V-ey) — 4At(V£§h1,~Z n)
= —4At (C(H)?v ﬂ’?véz,h) - C(uhta uhta u,h))
+ 4At (Sh(aZt» Uy, ﬁﬁtfﬁ n) + sh(Wny, €5 s ﬁZtvEZ,h))

3"72,h 477uh +77 n—1 =n
_ < AT en | —4At(Vey ey )

where the last step follows from the choice for the interpolation operator. The
last pressure term in the above equation can be bounded by

(Vers @t ) = (VL Er ) = 22 Y —
= 2TAIS(V( ph 6,’,1,;1),V(§gh1 )
= ZH0IVE IR~ IV (& — IR ~ 7€ )
- 5;?,;1),Vng,;1>
At -

(||V »ullg — ||V§;,Zl||g) - m| eun—ennld

( € lnn)
t 3 ~n

+
A n— n
SUVERLIE — V&R — 18 — elall
C
~ 2 n—1(2
- ZHV ey nllo — ;an,h 15-

>

A splitting (cf. (A.1.1)) of the time derivative term gives

(2(3ey,, — 4! + el %EZ,h) =L+I+1;

u,h

= 3llen nll§ + 3llenn — €13 — 2llet u 15 + 12, — eny 113
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+ 10wen ulls — le" I3 — l12e7" — en Il
The second term I> vanishes due to the fact that ej; , is weakly divergence free.

With the identity (a—b,b) = 5([lallg—[la—b]|§—[1b]3) and [|e}; h”

H u h”
we have so far

. _ 4

€516 + 112€%, — € 'l + 5 (ADIVER AN
+4AtV||Ver |15 + 30ty [V - &l 4[5 + [lokel; 115
+ 44|k (g, - V)E )G

-1
<lleyn 15+ ||2euh —eny 15+ = ( t)? V& Y13

(2.3.22)
— 4AL (c(wf, wy ey ) — C(aZu Uy, €y 1))
AN (s5,(Ugy, WY gy, € p) — Sh(Why, T g gy e n))
37~7$,h - 4772,711 + 772,712 ~ C n—12
- ( SAL ,eu,h> + ;Atu%,h 15-

For the terms on the right-hand side containing approximations errors we
use the estimate

(375 — 477uh + M a~Z ) < Clmy Allg + ||772,21H(2)+ HTIZ7L2|| )+ ||e

Due to 7, + EZh = u(t,) — uy,, we calculate for the convective term using
skew-symmetry and

c(ultn), w(tn), &0 ,) — ey, Wpy, €0 )

= c(€, pultn) L) + c(@hy, &y e )+
e, u(tn). €5 ) + ey, 7, €5 )

= c(€y o u(tn), &0 ) + c(ultn) — T — En o Ty Enn)
+ (T ultn) € ) + c(ultn) — 1 — &y i, S )

= c( ), + i wtn), &0 ) + clw(tn), Ty, + 70, € )
+ c(ey p,u(tn), €y ) — My + My s M + T €0n)
+c(e uhvnuh+nu7 uh)

(2.3.23)

These terms can be estimated as
C(ﬁz,h + ﬁﬁw(tn),'éﬁ,h) < C”'Iu n+ o llolw(tn l2ll€x pll1

< *IIﬁZ n gl
c((tn) Mo + M €up) < Cllgp + Mullo/lult

)Hz 32||euh||1

||2Heuh||1

)

(t

)
C=n

< i + Aullellwt)llz +

— &l
32 u,h 1
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c(€y pyultn), €y ) < Clley pllollultn)llzlley x
C |72
< ;||€u,h||(2>|\u(tn)||§ + Ellez,hllf

(M + Mo s Ty + T s €a.0) < CllTy + 7y n I3 11€0 1112

C, . ~ Vo
< ;an + g nlli + Elleﬁ,h K
o~ n ~ n n1/2)~ ~ni nen 113/2
c(€y s M+ Ms €4 ) < C| eu,hHo/ [Ees +UZH1||eu,hH1/
< C

= 222

~ ~ ~ v
&6, + Tl + 5

For the last estimate we used the inequality

a1/2b3/2 — (V73/2a)1/2(\/;b)3/2 < C(((V73/2a)1/2)4 + ((\/;b)3/2)4/3)
< C(v3a® +vb?).

In combination, the error with respect to the convective terms is given by
c(u(tn), u(tn), €, ) = c(Wpy, Uy, €, 1)

n 7l + 17l Jlu(ta)l3
< C' eu,h”% < v3 , + v :

vV, ~
+ el

Blluta)l3)-

C ~n ~n ~n
—+ ;(”T’u”% + ||77u,h||411 + 1M

For the nonlinear stabilization we again use wj, = u(t,) — (7, + 7, ;) and
obtain
~n ~n ~n ~n
Sh(Upy, Wy, Uy, eu,h)
= S (Wpg, (tn ), Wiy €4, 1) = Sk (Wt Moy + Ty s Wt €4y 1)
<0 Y gl (lear(Valta) 1§ a0 + 1V @ + 70016.0)

MeM,,

1 ~n ~n
+3 > mirllear(@hy - Ver u)llo ar
MeMy,

< CMHé%h{TMﬂnMF} <||V(7~IZ +a s+ Y |/‘¢M(Vu(tn))||3,M>
MeMy,

1 ~n ~n
+ 1 Z Tarllear((wyy - V)eu,h)Hg,M'
MeMy,

Now we collect all the estimates and sum the resulting inequality from n = 2
tom < N:

~ - 4
€6 + 112€Tn — ey 15 + 5 (A IVETLIG
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m

(Atv[|Vey 15 + Aty[IV - &5 15 + l1deeer u13

n ~n ~n
h /710, M
MeMy,

+2At Z T llEm (@ - Ve, )
~ 4
< [[€unlls + l12e5,, —eqnlls + g(AtfHVf;,hH(Q)

% 1At 17t + 77 sl |~
E 402 g oAper - TTwh B no2
+n=2{<4 + v + 3 |eu,hHO

At ~n ~n
C=L (LI + e )

+CAt max {rirlan, Py > Iear(Ve(ta) 15 ar
h MeMy,

+OAt mas {73 [ " HIL A1 + Tl

n=2

C
w0 (1 B0 Ll + i 13 + I8 + St}

For CAt (1/v+ (||[m,|l}

lemma on

1)/v?) < 1 we use the discrete Gronwall

1€w,nllo

n4 ~n 4
+

<+C +0At”u|13”77uah”1)
4 14

and arrive at

4

S(AD2IvERIE

[enlls + l12€t, — eqy I3 +

m
+ Y (At|[VeEy 4IF + AV - €15 + Ideel ol

n=2

+2At Z Tl ea (@, - Ve, )||0M>

MeM,,

~ 4
< G (12l + I12eb - €2l + 3(A07ITELAIR

L[ At
+Can > { SO + Ll
n=2

+ At wlah)? Vu(tn))|3
Jmax {3y }(Mg\;h\lfw( u(tn))lo,m)

+ At maoe {3 (T + )

<1+> 1725 4118 + s 115+ 17 ||o+7H77 3}~
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where Cg p, is defined as in (2.3.17).
Due to the initial error estimates we finally obtain an estimate for the velocity

terms:
For all 1 < m < N the discretization error due to spatial discretization can be

bounded as
ennlls + 12e, — en Mg + 3(At) IvVETII6

m
+ Y (At Ve 4lIF + ARV - €15 + Ideel ulI7

n=2

+2A¢t Z Trrllear((@yy - V)ey, )||0M>

MeMy
1 1 1
(( (v + y)h2Ret2 py = ip2he 4 A2 2 (W + )) ( + )
v vy At v

(( _~_7) h4k“ +’y_2h4k +4+At4(1/+'y—|-’y 1)2)
h2k +2 -1
PN Lkt et +h25)
14

V4o
c O
+Cen &%‘,L{TM'“M‘ (e
C
n VL’}:}L ((l/ + ,y)thu 4 7*1h2kp+2 -+ At2(V +v+ 771)) :
O

Remark 2.3.3. Provided the intermediate solutions are sufficiently smooth in
space, in the interpolation estimate for ﬁzﬁ, My, and 7, the temporal error
can be skipped and the above estimate improves to give

‘|Eu,h||(% + |25, — S+ = (At) IVE, Ll

m
+ 3 (AW VEL LI + AtV - €L 412 + [15cel 12

n=2

20t ) TﬁfinM<<aK4-V>EZ,h>II%,M)
MeMy,

CGh 2ky+2 —1p 2k,+4 At
1 14+ =
<A (v +7)h +y 7R (1 + >

C
" VGryh ((y+7)h2ku +7—1h2kp+2)

C
+ VG?;h (v + 7)2htke 2yttt L A

C ~ _
4+ ZGh max {arlng]?} (v + )RR -y Rkt p A¢? 4 up?s)
h

. (2.3.24)
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2.4 Error Estimates for the Fully Discretized
Scheme

Using the abbreviations ¢y:=u(t,) — @y, and {:=p(t,) — pj, we combine the
error estimates for the temporal (Section 2.2) and spatial discretization (cf.
Lemma 2.3.2) to get the final result:

Theorem 2.4.1. For all1 < m < N the total error due to spatial discretization
and discretization in time can be bounded as

m
ALY €I
n=1

1 11
< Can (((v )Rt TR A2 (l/;w + )) ( + )

vy
C
lf’;h (v + )Rtk 4 72tk L At (0 4y + 47 1)2)

+

. + 7 h2knt2 v+y+y7!
C 1~1 2 v B 2ku A2 28
+ Ca,n MI%%(]L{TM|UM| } y + VY + L +

C
+ —Sh (v + )R 47 D202 L AR (0 4y + 77 + C(ADY) = X

Aty (VllVCZ||(2)+”Y||V'CZ||3+ > riillew((@h - V)¢ (2),M>
n=1 MeMy,

1 1 1
<Cg,n <<(V + )Rt TRt L A2 (V+7 + >> < + )
v vy At v

C
S (PRt P Ay )

+

- v+ Rkt vyt
C 1 12 h2ku At2 h2s
TG ]v}lé%t(h{TM upl} v + vy + v +

C
+ - Z,Ci;h (v R £y 22 AP (1 4y 971 + C(AY?) =2 Xz

and

m o 1
At E : ||Cp 1”8 <C ((At)Q + ||u||l22(t0,T;[H2(Q)]d)) Xul
n=1

n|~n 2
+ (u Tt max e il }> e

2
n~n 121272k 2 Xu2
h*F At U
OB e, TR PP+ G0 g

with the same Gronwall term Cga,p, as in Lemma 2.3.2.
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Proof. Adding interpolation and discretization gives the estimate for all consid-
ered error norms apart from the nonlinear stabilization. All that is left is an
estimate due to time discretization for this error:

Atz Z Thgllear (@, - V)EDIG s

n= 1M6M;L

<0Atz > (TMHKM Wy - V)€ 1)I0,00 + Thrllar (@ - V)3
n=1 MeMy,

<OAtY S (rllnar (@ VOEL I+ @IV 0

n=1 MeMy

<oaty > (rillrar((@r, - V)En )G ar

n=1 MeM,
+ Tiglan P (Vs

~MN

))-

The first term is part of the left side of the discretization error estimate and
the second term part of the right-hand side of the discretization error estimate.
This gives the claim also for the nonlinear stabilization.

In order to obtain the estimate for the pressure error in the L?(2)-norm we
utilize the discrete inf-sup stability of the ansatz spaces, i.e.

Fwi, € Vi [Vwnllo < IG5 10/8, (V- wn, ) = G115 (2.4.1)

We test the advection-diffusion error equation with wy,:

3¢, — ¢ ¢y
2At

,'wh) +u(VE, Vwy) + (V- &0,V - wy)

I I (2.4.2)
= _C(u(tn)ﬂ u(tn)v wh) + C(“Ztv uZtv wh) + sh(uZLtv uZtﬂ u;zbtv wh)

+ (Dtu(tn) - atu(tn)vwh) - (v(p(tn) - pz;l)vwh)‘

where Dyu(ty,) = (Bu(ty) — 4u(tn_1) + u(tn_2))/(2At) and O,u is the time
derivative of u.
Noticing ||f]l-1 < || fllo we obtain

n— 1 n— n—
IVewnlollcy ~ llo < 116G = =(V¢ " wn)

3¢, —4¢n 4 (2
2At

IVwnllo

+v[IVC,lolIVwrllo + 7V - Cullol|V - whrllo
+ c(u(tn), u(tn), wn) — c(Upy, Wyy, wy) + sp(Wyy, gy, Upyy, W)
+ | Dyu(ty) — Oru(tn) || -1[|Vwnllo + [[p(tn) — p(tn-1)l[olIV - walfo-
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We calculate for the convective terms

c(u(tn), w(tn), wn) — c(@hy, Upy wn) = c(Cultn), wy) — c(ihy, Gy wh)
= C(~Za u(tn>7 wh) - c(u(tn)azZv ’th) - C(Zz»ZZa wh)
< ClCullollutt)llzllwnls + ClIC,IR wnllx

and for the nonlinear stabilization

e ~n ~ _ ~n _
Sh(Wpy, Uy, Uy, Wh) = 5p(Upy, w(tn) = Cy, Upy, wh)

<C Y riglah Pllea(u(t,))

MeMy,

+C > milran (@ - V)G ol w1
MeMy,

< 0 (o (75 Pl Cultn) o)

+ Y Thlalllea (@, V)EZ)HO,M> IVwp|lo-

MeMy,

We combine these results and obtain due to the approximation property of
ks and the estimates for ||C lls< (20,7322 (2))2y and [|C,, iz, 750.P8):

N
ALY GG
n=1

1~ -
< C{(At)Q|Cu||z2oc(to,T;[L2(Q)]d) + V2V o712 ()10)
F YNV - Cullfe o 122 )0y F N Cullio o 7022 70) 12172 (10 1 (122 (2310
+ ¢y o0 0,111 Q)]d)HC 117 (1o 11 () + (AF)?

4+ max max {TM| vl }Qh%“HUHp

1<n<N MeM (to, T3 [Whut1.2(Q)]d)

n n |~n il Pl
+1I§I}za§XNMHéE}\)4(h{TM}At21M§A TM|'U‘M‘2||HM((U'M'V)C1L) 2, }
n h
<o 2
= O @z T el zipmz ) ) X

—|—C’<1/—|—’y—|— max Inax {TM|uM| }) Xu2

1<n<N MeM
27 2k,
+012L3<XNMHéaX {rir @]} n ||u||l2 (to, T;[Whu+1.2(Q)]d +C(At)
X 2
C U
V2AL
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The requirement

—+C + At

i (At (v +7)°hthe 4 47 2Rth 4 (At)4(V+v+v‘1)2> <1
4 v Vo

on the time step size At and the mesh width h is fulfilled if

At + hFe < v,
O
Corollary 2.4.2. Provided that the stabilization parameters fulfill
n C
yeO(1) 0<1y < =y (2.4.3)
[uy|
and the mesh size h and the time step size At are chosen according to
At bM< v (2.4.4)

the above estimates state (omitting the remaining v-dependencies on the right
hand side)

ALY lICHIG
n=1

+Atz<V||VCZ||8+“/||V'CZ||(2)+ > TI’JIIIRM(@ZyV)CZ)II%,M)

n=1 MeM,y,
1 1
= Co (At - h) (R2he o p2E2 4 12(AL)?)
and (2.4.5)

e 1 1
At Z I1Sp 5 < Con ((At)3 + h2(At)2> (RZRetd o g2t 4 p2(AL)?).

n=1

Remark 2.4.3. Our ansatz spaces typically satisfy k, = k, + 1 and therefore
an equilibration of error terms for the velocity suggests h? < At < 1. Then
Corollary 2.4.5 tells us that our scheme converges as min{h*«, h?} with respect
to the velocity errors. For the LPS error this estimate is the best that can be
expected. However, for the L?(2) error this result is suboptimal. We would
expect a behavior according to h2*:*2. Finally, for the pressure the estimates
just tells us that the error is bounded.

If we assume more regularity for our time discretized quantities, i.e.

wy € L (to, T; [H*+1(Q)]9) (2.4.6)
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the results due to Theorem 2.4.1 (using the assumptions in Corollary 2.4.5)
improve to give

m 2k, +2
At IGLIE < Conh™ At + Cgn—— + Canh® + Co.o(A1)!
n=1
ALY (VVCZH(Q) +V-Clle+ D Trllra (@, - V)CZ)H%,M)
n=1 MeMy,
2k +2
< Cgﬁhh%”ﬁ_zAt +Ca.n AL + CG’t(At)2 + CG’hh%“ (2.4_7)
and
ALY NIEHI
n=1
h2kp+2 h2k“’+2 h2ku ok )
< _— _— — u At)~.
<Cg,n AL +Ca,n Tk +Ca.n (A2 + h*F + C(At)

Again we loose one order of convergence with respect to the L?(€2) error of

the velocity no matter how At is chosen. But now the order of convergence
with respect to At is bounded by the temporal approximation for all considered
quantities and norms. Equilibrating At and h with respect to the LPS norm
again gives the choice h? < At < 1 and the error converges as before like
hF« + At. For the pressure the choice At ~ h gives convergence according to
hk«=1. As for the L2(Q) velocity error we loose an order of convergence with
respect to h.
The reason for the suboptimal errors with respect to space is that the bound for
the velocity energy error is the same as for the LPS error. In order to improve
this we would need a superconvergent discretization error estimate and hence
an interpolation operator that is better suited to our problem. The authors will
perform such an approach in future work.

Remark 2.4.4. For the discretization in time we assumed that the velocity can
be bounded in the L (to, T'; [H?(2)]¢) norm. Therefore we were able to bound
the error due to time discretization by a Gronwall term that scales like Cg ¢ ~

exp (ﬁ) In the spatial discretization we did not use such a bound, but

only assumed the discretized velocity w@; to be in L>®(to, T; [H(Q)]?). As a
consequence the Gronwall term due to spatial discretization behaves like Cg p, ~

exp (%) with K < Atw. If we would have a bound for u,; in

the L>(to,T;[H'(2)]?) norm, we could have proven a bound for w; in the
L>®(to, T; [H?()]?) norm and hence improve the behavior in the Gronwall term
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Cq pwith respect to v:

(utvut’ uh) (aZtvﬁZtvgz,h)
= C("7u + eu hs uta ~Z h) + c(a'Zt’ ﬁZ + EZ h> EZJL)

= (nu +eu h?ut’ uh) +C(uht7nu’ uh) (248)
= ( €u,hs Uy, u,h) + C(nu’uta u,h) + C(utvﬁZaéz,h)
- C(ﬁZ, ﬁZLEZ,h) - C(Ez,m ﬁZ>EZ,h)
(€ Uts €y5) < Clley pllolltell2ller ull
< 2veslR + el
C(uta nu7 'u,,h) + C(Ir]u7 U, EZ,h)
N - (2.4.9)
< Cla(ta)l2lnullollennl < 32||V6u nllg + ||772||o
cMys My €up) < Cllmllilles sl < 3 Iver L2+ *Hﬁﬁll‘f
(€ 1 M €un) < Clmylallen ulld
and therefore
(U, Ur, €, 1) — C(Upys Upys €, h)
~ ~ C, .
< Clveuuls v+ lImul) + *||eu nlld + ||77u wllg + ;Hn:f,hH?

Provided |7,]i < Cv this gives a Gronwall term according to

T
Ca,n ~ exp 1-Ai/v
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Chapter 3

Spatial-Temporal
Discretization

In this approach we first discretize in space and afterwards in time. This means
that we can bound our errors according to the strategy

U =Unel| < |U = Unl[ + [Up = Un|.- (3.0.1)

The errors resulting from w — wu; are considered in Section 3.1. The
estimates for uj, — wpy are presented in Section 3.3. In Section 3.4 we will
derive an error bound on ||p — pre iz, 7502 (0)) via the inf-sup stability of the
ansatz spaces and combine all the estimates.

The assumptions that we impose for this approach are given by
Assumption 3.0.5. The spatially discretized quantities fulfill the regularity re-

quirement

wy, € WHh(to, T; [LA(Q)]Y) n W2 (o, T; [H()]4)

pn € W™ (to, T; H' () (30.2)
with [ € {1,2}. Further it holds
lw(®)ll2 + [19cu()]lo + lp(t)[, < C vVt €[0,T]
we =g a0
and forany 1 <n < N
ap, € VN [wh(Q)e (3.0.4)

For the semi-discrete error we also need:
w € L™ (to, T; [WH(Q)]4) N L®(to, T; [Wr+12(Q)]4),
Orw € L (to, T; WH2(Q)]), p € L*(to, T; WHT12()).
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3.1 Quasi-optimal Spatial Error Estimates

Assuming that the assumptions 1.1.1, 1.1.2, 1.1.3 and 1.1.4 hold true we can
state here the main result from our previous paper [3].

Theorem 3.1.1. Assume that up(to) = juuo. If u € L= (to, T;[WH>(Q)]9),
then we obtain for the discrete velocity approximation ep, = up — jy,u of the
LPS-method (1.1.11):

T
I R— / llea(r)l|3.ps dr
to

T
<X [ eIt mrfunl? + 1)V, ()
M Yto

+ (L RN, (1) [ s + 100, ()3 0 (3.1.1)
/a1
raalu P ias (Vo) () g+ mim (752 )l (7). ] 7

with (My,mp) = (w — juu,p — jpp), the local Reynolds number Repr :=

hl|wn|| oo
w, and the Gronwall constant

Ca(u) = 1+ Clu| oo o mywr (@) + Chllull] o ) 2o ey (3:1:2)
where h := maxyy h.

Using this estimate we can deduce quasi-optimal error estimates.

Corollary 3.1.2. Assume a smooth solution of the time-dependent Navier-
Stokes-problem according to

w € L™ (to, T; [WH(Q)]) N L2 (to, T; [Wh«T12(Q)]),
Ou € L2 (to, T; [WH2(Q)]7), p € L?(to, T; WHH12(Q)).

and let up(to) = juuo. Then we obtain for 0 <t < T the semi-discrete a-priori
estimate for the approzimation ey, = up, — jyu of the LPS-method (1.1.11):

T
lenlB~gizcans + | Nlen(DllEpsdr
to

T
<CY ph /t Co(w)t=1) ((1 + URE2, + maluar|? + d’y) () a2y
M

4 TM|uM|2h2(57ku)|’u,(7’)|%vs+1,2(wM) + |(9tu(7')|%/[/ku,2(wM)

d 1
2(kp+1—Fky) 3 “ - 2
+h min (z/’ 7) |p(T)|Wk:p+1,2(wNI))dT
with the mesh Reynolds number Reyr = 7h|luh”;mw) and s € {0, ,ky}.
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Remark 3.1.3. The error estimate (3.1.2) does not blow up if

h o 1
_ Mlunlleeon 1 (3.1.3)

v N

RGM

which gives a restriction on the local mesh width hA. Thus we obtain a method
of order k provided that Rep; < C/y/v. This condition is less restrictive
than the usual condition Peys := h||b||p(ar)/v < C for the Galerkin method
applied to advection-diffusion problems where b is a stationary velocity field. An

alternative stability estimate is given in [12] for the stationary Oseen problem
which requires the more restrictive condition Req := M < ﬁ O

The approach of this subsection is applicable to almost all LPS-variants. We
summarize possible variants of the triples V3, /Qn /D with t € {0,...,k —1}:

e One-level methods:
Pe/Pr-1/Pt, Qu/Qi-1/Q¢, P /P_oe1)/Pr, Qu/P_(s—1)/P:

e Two-level methods:
Pe/Pi-1/Pr, Qi/Qr—1/Qu, B /P_x—1)/Pr, Qu/P_x—1)/P: -

3.2 Approximating the Spatial Results with re-
spect to Time

In order to combine the error estimates for the spatial discretization with those
obtained from the discretization in time we need to derive an interpolation
result. This relies on the following well-known extension of the Bramble-Hilbert
theorem:

Theorem 3.2.1. Let X be a separable Hilbert space. Then there exists C' > 0
such that for any bounded interval (a,b) C R and for any f € H™((a,b); X)
there exists a polynomial ¢ € P™~1(X) satisfying q(a) = f(a) and q(b) = f(b)
and

I = allmrapyx) < CO—a)™ | Flmm((ap):x) VE < m. (3.2.1)

Proof. Follow the presentation in [13, Chapter 4]. The basic steps are:

e Consider the averaged Taylor polynomial

b 1
Q"f@) = [ 3 D) - ) o) dy

@ k<m

where ¢ € C§°(R) has the properties supp ¢ = [a,b] and f; o(x)dx = 1.
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e For the remainder R™ f := f — Q™ f find a representation of form
R™f(x m/akxsz()d

where z =z + s(y — z), ap(z, 2) = (z — 2)*/(k)a(z, 2) and

la(z,2)] < Clz — 2|,

e Estimate R™f according to

IR™ fl i ((a);x) < C(b—a)' ™| flui((ap):x)
in case of m <.
O

Furthermore, we need the following Lemma on the equivalence on the dis-
crete [? and the continuous L? norm for finite element functions:

Lemma 3.2.2. Consider the set of points in time My = {to,...,txy = T} where
we assume a constant time step size At = (T —t9)/N and let X be a Banach
space. Then there exist constants ¢, C such that the estimate

N
CNZ IFEI < IF 120 mixy < CAEYF ()% (32.2)
1=0
holds true for all functions f : [to,T] — X that are piecewise linear with respect

to. to M.

Proof. By expanding one observes

[ i = ag (ol o+ ans () i+ ol

i—

= A + (L) e+ (Fltim), 7 + IR + 1))
A%uulmx+<< D FE)x + 17 1%))

and therefore

UGB + 1R < [ 1O de < S0 B + 176 ).

ti—

Due to

T N t; N t;
/nmmm:Z/HMMw:Z/ 1£(6)% dt
to =1 Y ti—1 i=1 Y ti-1
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this yields

N T
> S 1R < [ IR

N

/ O SES(CRVERADIES

and finally

an 3 < /||f<>||xdt<AtZ||f )

O

Now we can reformulate our spatial results with respect to the time dis-
cretization:

Corollary 3.2.3. The results of the spatial discretization with respect to the
discrete norm may be written as

1€l (to. 112210 < N€unllToe o 1ipr2qyey < CHP*
1€ llfoio L ps) < ClléunlZzenps) + C(AD (3.2.3)
< C(h* + (At
where &, j, := u — uy, provided §,, ;, € H'(to, T; LPS), 1 € {1,2}.

Proof. Due to definitions of the norms we get for the first claim

||§u,h||z22(tU,T;[L2(Q)]d) < ||§u,h||z2oo(t0,T;[L2(Q)]d) < ||§u,h||2Loo(t0,T;[L2(Q)}d)~

For the second statement choose the partitioning My, := ([to + (i — 1)At, tg +
iAt])i:L___7(T_t0)/At in the previous lemma and a piecewise linear nodal basis.
For vy, € L%(ty,T; LPS) let vy = Iv, := Y, vp(t;)¢; be a finite element
approximation.

In conjunction with Sobolev’s Inequality [13, Lemma 4.3.4]

[wll oo (a6, x) < Cllull gt (a,:x)
the above generalized Bramble-Hilbert theorem (3.2.1) gives

||’Uh - ’UhtHL2(to,T;X)

< vn — QWnll2(to,m:x) + Q"1 — Vel L2(t0, 1)

< Z (th - leh”Lz(ti—lyti;X) + ||I(leh - vh)||L2(tz:71,t1,;X))
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-

«
Il
—

(lon = Q onllL2(ti_y tiix) + AtIQ Wn — Vhll ooty ti5x))

'MZ

©
Il
-

(14 At)|lvn — Qoall L2ty 1:3) <ZC A wnll e,y b0 x)
=1

< (A Jon | pr1 (0,7 x)-
Therefore, we obtain
cllvnill o, ropsy < N0ntlliz o r.nps)
< CthHQL?(tO,T;LPS) + Cllone — vh”%?(to,T;LPS)
< CH”h”%%tO,T;LPS) +C(At)*.

This means that we can estimate &, ; by

C||€u,h||122(to,T;LPS) < HSu,ht”lQ?(to,T;LPS) + 1€t — 7 (to,T;LPS)
< C”Eu,ht”%Q(to,T;LPS) +C(Aa?
O
In the following estimates we need to bound uy, in the [°°(H(Q)) norm by
using the following result.
Lemma 3.2.4. wy, can be bounded in the 1°°(H"(Q2))-norm provided &, ; €
H'(to, T; LPS), I € {1,2} and, provided h**« < vAt, it holds

0 0 C h2Fku
lenllie iy < € llu = wnllic o) < 55 (

+ (At)21> )

Proof. We estimate using Corollary 3.2.3
2 c 2
lw = wn i (11(0)) < EHU = wnlliz o,y ()

C
S A7 <||U W22 g i (g0 + (A2)? )

2k, C h2ku
At 2l—-1 < At 21 .
@< 5 (@
Therefore
C
H“h”zoo (H'(Q)) C”u”lOO(Hl(Q)) + KHU - uh”lz(to,T;[Hl(Q)]d)
th
< Ollullfs g1 (0 + C—5 Ar +C(A* !
C [ h?ku
< — At <
C+At( > + (At) )C
provided h?*« < vAt. O

Assumption 3.2.5. We assume that the spatially discretized pressure solution
solution is sufficiently smooth, i.e. p;, € H?(to, T; L*()).
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3.3 Time Discretization

We first want to consider the convective term and its stabilization explicitly.
Afterwards we derive bound for the additional error due to the nonlinearity.
This means that we can estimate the last term in (3.0.1) as

[Un = Upe|l < [|Up = Wil + [Whe — Une| (3.3.1)
where W, = (wp, me) solves the auxiliary problem

Find wy,, € Vi, w}, € Y}, and r}, € Qp, such that

3w, — 4w + w2 ~ o
( he ~AWhe T Whe T N (L, Vo) + b (@ i on)

2At
3.3.2
= (f" vn) — (Vri7t on) — c(un; wn, o) — sp(wn, wp, up, v) ( )
Whyloa =0
3wy, — 3wy, n one
<}t2At By V(rke = Thy 1)7yh> =0
(3.3.3)

(V ' w'g“ Qh) =0

whilog =0

for all vy, € Vi, y;, € Y, and qp, € Q.

3.3.1 Notation

In order to abbreviate the representation of errors, we introduce some notations.

Definition 3.3.1. For the time discretized problem denote

&= un(tn) —up, &, = un(tn) — up, 5}} = pu(tn) — Phy

For the linear problem we define the errors

= wnltn) = wh L= wnltn) — @ = palt) — i,
and the propagation operator d;a” := a™ — a™ 1.
For the nonlinear problem we define the errors

n.__ n n ~n ., ~n ~n n._ ..n ()
€y = Wpy — Upy €y = Wpy — Upy € 1= Tpy — Dpy-

Note that it holds EZ =0, + e, =up(ty) — Upy, & =Mk + € = up(ty,) —ull,
and & =y + ey = pr(tn) — Py
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3.3.2 Initialization of the Fully Discretized Scheme

We first establish a bound on the initial errors obtained by using the BDF1
scheme (1.2.7).

Lemma 3.3.2. The initial errors due to time discretization can be bounded by
~m ~m
1€, 115 + vALIE, [T + (AD?IVE! I < C(AY* Vm € {1,2}

provided the time step satisfies

h4ku 9 At 4l 1 n n 2
() + i LD < ar e 1.

Proof. The convection-diffusion error equation corresponding to (1.2.7) reads:

~1 o
<£uAt£u, ’Uh,> + V(Vgi, Vo) + (V- gj“ V- up)

~1 7
+ (v(p:}lL - p(})zt)7 ’l)h) + Sh(u’htv €u7 Upts vh)
= c(a}llt; aih Uh) - C(U}L; uilw Uh) + Sh(ﬁfllt7 a‘}lztﬂ ;'-V"llztv Uh)

~1 <1 _
- Sh(uivu}lmu}lm’vh) + Sh(u}ly,t7£u7u}17,t7’vh) + (R17'Uh)-
where R' is defined by

(R, wp,) == <W — atu(tl),vh) .

~1
Testing this equation with &, yields

1112 + VAL VEL 2 + Y ALV - €, 13 + At 51 (@b, € Uy, )
< A€o + V(S — pbllo + IR o) 1€ llo -
+ AH(c(lihy iy, £y) — clubiuh, &) + s (b, b, Ly, E) B
— sn(ub, ub b, &,) + sn (ke &y, by, £4)
We estimate the convective terms as follows
C(Thys by, &) — clubiub, €,) = — (i &, €,) —c(&; uh. £,)
0
—e(Eiul €,) + el ulty) — ub, &)
1w llolles 2l1Eall + ClEL I lletn) — w1 €, 1372

viog e s o (lulte) —ublt 1)z
SIvEI+ o (Il g

IN

IA

47



AR 4 2 (A 1Y 21
e IR

v ~1
< Z 2
— 2|v£u||0+c< (At)21/5

where we use 3.2.4 for a bound of ||up(t,)]|1. For the nonlinear stabilization we
obtain

~1 =1 ~1 I 1,1 1 Zt ~1 o1 gt
Sh(uhtvuhtvuhtvgu) - sh(uhvuhv uhaéu) + Sh(uhtvgu’uhtaéu)

1 o~ ~1
= sh(uht’ uh(tn)» Upy, €u) - Sh(u}lw uilw uilm Eu)

= _Sh(gzlu uh(tn)aﬁ}lnagi) - Sh(uh(tn)vuh(tn)agivgi)

C ~1 1 1 ~1
M
v,xlo  Cmaxy{ri,}? +1,,
+ §||€u||1 + TH&uHO
In combination this means

Aku 1,20 A4)AL 1 112 -
<1 COAt (h + v*(At) 1 maxy{ry} maxap{ry} )) ||£i||(2)

(At)2v5 v vhi vh2d
~1 ~1 . ~1
+VAH|VE, o + YAV - €, llo + ATl (s, - V)E,IS
< C(At)?

Next we consider the error equation due to the projection step in (1.2.7)

s
<£u Afu,wh> + (T(pn(t) = pha), Van) = (Von(ts) = p(t0)), Van).
Choosing g5 = pp(t1) — p;,, We arrive at

AV (pn(t) — pho) 12 535)
< [[€ullo + AL (V(palto) — pu(t)) 1)1V (o (t1) — pE) o -

where we used that £, is weakly solenoidal. Hence ||V (pn(t1) — pt,)|lo < CAt
holds. Testing (3.3.5) with £} gives

IELIZ < [[€ullo + ALV (pn(to) — pr(t))llo)IEL o (3.3.6)

and finally [|€1]l0 < C(At)?.
~2
Next, we need an estimate for £,. Applying the same technique for n = 2
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with the abbreviation R? := Diup(ta) — Oyup(t2) gives
~2 ~1
38, — 38, 2 2 2
<2At’ £u> + I/(V(Eu - Eu)’ véu)
= (R%,E,) + V(ph, — pilta). &) — v(V(E, — &), VE,)

1 oft 1 0

2At 2At

2 ~2
u

= (R2,E0) + V(ph — plta). &) — v(V(E, — £.), VEL)

3 _ 1 _ 40

+ 270k - b0 80 + (g B
+ At(e(@l, @2, AE,) — c(ulsul, E,)

_ 5 2 ~1  ~0 ~2 gi 752 ~2

- (R 7£u) - V(V(Su - Su)’vsu) + <2At’ u)

5 3 ~2
- (V <2p;1n — §p2t —ph(tz)) ,£u)

~ ~ ~2 ~2
+ At(e(Upy; any, AE,) — c(ud;ul,€,))

I N
— (B8 - & - B, vE) + (B B

£ 2V} (), &)

5 3 ~2
+ (v (G = 3t - m) &)
o o 2 ~2
+ At(c(uitv uita éu) - c(ui, u}Qw éu))
~2 ~2
< min{CAL|[€,[lo, CAL|E, [l1}
~2 ~1 ~2 ~1
= 1€, — & lE S CAnt  v|€, —E.IF < Can?
Since the error £, is an orthogonal L?(£2) projection of Ei we also get

1€2 — €L llo < €. — Eullo < C(AL)?

For the pressure error we again use the projection equation

(V(& =€), Van) = (V(pr(tr) — pr(t2)), Van) — (35“2;55“, th>
(3.3.7)

< CAt||Vanllo
= [IVE o < IVE llo + IV (&, — E)llo < CAL.
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3.3.3 Error Estimates for the Linear Auxiliary Problem
The auxiliary problem is handled in two steps. First initial errors are considered
and afterwards estimates for n > 3 are derived.

Initialization of the Auxiliary Problem

For initializing the algorithm we use a BDF1-scheme defined as follows

Find w;, € Vi, wi, € Yy and r}, € Qp such that

1
— t ~ -
(whtuh(o), ’Uh> +v(Vay,, Vo) + (V- w;,, V - vp)

At
(3.3.8)
= (—Vpnp(to) + .fla V) — C(U;ll; U;IN V) — Sh(u}lz§ uflw vp)
Wyylon =0
w' — w' 1
Tt’v% + (V(rpy — pr(to)), Vyn) = 0.
(3.3.9)

(v : w%mqh) =0
(n - wj,)ao =0
holds for all vy, € Vi, y;, € Y, and gi € Qh.-

For the linear auxiliary problem we now perform estimates similar to the
those for the initial errors of the full discretization in time.

Lemma 3.3.3. The initial errors for the linear auziliary problem can be bounded
by

72115 + vAt a3 + (A [V |15 < C(At)* vm e {1,2}.

Proof. The error equation corresponding to the convection-diffusion step reads:

At’
+ (V(pn(At) — pu(to)), vn) (3.3.10)
= <uh(tl)_uh(t0) —_ 8tuh(t1),'uh> = (Rlavh)

~1
(”” vh) +v(Vily, Vop) + (V- 1., V - vp)

At
Testing this equation with ﬁi yields
7115 + v ALV G + 7 ALY - 7,15
< AH([[V(pa(to) = pu(At)llo + | R [0) 172 l0 (3.3.11)
< C(AD* 7y lo
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and hence |7, — u[l3 = [7,[§ < C(AD)* and v||[Va, [} < C(AD)?.
Next we consider the error equation due to the projection step (3.3.9)

1 =1
<n“Atn"vV%> + (V(pn(At) = ri,), Van) = (V(pn(t1) — pr(to)), Van).

Choosing g5, = pn(t1) — r}, we arrive at

AtV (pn(t) = )5
< (I llo + AV (pr (to) — (A8 |0V (pr(t1) = rhe) o

where we used that 7, is weakly solenoidal. Hence ||V (pp(t1) —71,)[0 < CAt
holds.
Next, we need an estimate for 7]2 Applying the same technique for n = 2
with the abbreviation R? := Dyuy,(ts) — dyun(ta) gives
310, — 31,
20t
= (R%,vp) + V(r' = pa(tz), vn) = v(V (7, — 1), Vor)

3n — 37, n. —n’,
+< oAt Un) T\ Taar vn

= (R*,0n) + V(r' = p(t2), o) = v(V (7, —7,), Vor)

vh> +v(V (i, = 0,), Vor)

§ 1 0 77711 B 772
30 o)+ (T 0,
, o nL — P
= (R 7’Uh) - V(v(nu - nu)7 V'Uh) + ( UQAt u’vh) (3312)

) 3
+ <V <2T1 - 57“0 —ph(t2)> ,Uh)
1.0
— (Rvn) ~ (V@ ), Ton) + (T 0, )

+ 290 = paltr)), o)

= (7 (G0 = 3o () o0
< min{CAt||vp]lo, CAt||vp|1}
= 7% -5 < CAn' vl - 0.7 < OAn?.
Since the error ¢! is an orthogonal L?(£2) projection of 51 we also get

1%, —mllo < 1775 = Tullo < C(AD)?
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For the pressure error we again use the projection equation

(V((pr(tr) = r30) — (pr(t2) = 770)); Van)

3n2 — 3n°
= (V(pn(t1) — pa(t2)), Van) — (’“"%w) < CA|[Vallo

2At
(3.3.13)
=V (pn(t2) = ri)llo
< IV(pa(tr) — rillo + IV ((pa(t1) — 7he) — (pa(t2) — 7)) llo
< CAt.
O

Error Estimates for the Velocity

Now, we are in position to derive estimates for the auxiliary problems when
n > 2. We aim for the following result:

Theorem 3.3.4. For all 1 < m < N the velocity error due to discretization in
time can be bounded as

- o (At)?
< (X2

IVTllo + Iy llo < CAt

A first result is concerned with the difference between the solenoidal and the
non-solenoidal error.

Lemma 3.3.5. For all 1 < m < N the difference between the velocity errors
can be bounded as

I = 713 < Coain(At)
with a Gronwall term Cg jin ~ €xp (T(l — 2At)*1),
Proof. The error equation due to the convection-diffusion step (3.3.2) reads

(S?IZ e i T

,vh) +v(Vny,, Vo) +v(V - En, V -vp)

2At (3.3.15)
= (R",v1) = (V(pa(ta) = i 1)son)  Vou € Vi
where the residuum R" is given by
(Rn’ 'Uh) = (Dtuh(tn) - atuh(tn)a vh)-
Since the propagation operator is linear we also get
30,1y, — 40mi T + S 2 n
( Al t;At Al ,vh) + v(Vém,,, Vuy)
(3.3.16)

+y(V - 61y, V - on)
= (6:R",vn) — (V(pn(tn) — 757 '), vn)-
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Now, we can do the same for the error corresponding to the projection step
(3.3.3) and get

3 n __ 3~n -
SR T = V(pa(t) = 1) Van ) =0 (3:3.17)
2AL
36,17 — 36,77 )
(W + Vo = Vau(pa(ta) =), th> =0. (3.3.18)

Testing the incremental error equation (3.3.16) with 4Atd,7., we arrive at

(2(38,my — 46m " + 6y 2), 6471,
+4At || Vo, |I5 + 4Aty [V - a3 (3.3.19)
= AAt(6;R" — Vi (pn(tn) — i h), 6emin).

The first term is then split according to (cf. A.1.1)

(2(30¢m,, — 40imy " + 0imi =), 61,) = Iy + T2 + I3
I o= 3|6l + 3116y — dvm, " [l5 — 36y
I := 2(6,7,, — 6y, 36y — 40y~ + 6 ?)
I3 = (|6 15 + 120em% — 6emy 15 + 16seamiy 13
— [18emy I = 11200m5 ™" = em 2115

and the second term vanishes

3

i Te = (V(@ulpnta) = 777") = bum), 36y — 46,1~ + 6,m )

= —(8e(pn(tn) — s 1) — 0m)), V - (30emyy — 46my " + 6im—?))
—0

due to the fact that u;, and w™ are weakly divergence-free.
Now, we test the error in the projection step (3.3.18) with 5t77;}*1 =
Or(pn(tn—1) — rﬁ;l) and get after integration by parts for the first term

3 . n n—
- (&:nwvat(ph(tn—l) - T 1))

2At

= —(Vor(ny — "), Vo ™) + (Vi (pa(tn) — prltn-1)), Vo)
1 n n n— n—

= —§(||V5mp||(2) — IV8e(ny — =G — [IVEemy —H15)

+ (Voe(pr(tn) — prtn-1)), V(Stn;“l)
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Using the projection step (3.3.18) again and testing with d; (ny—mp~ 1
2At

AU el

< l1dem’y — deiny ol Voe(ny —np~Hllo
2A¢t

+7(V5t(]9h( n) = Prltn=1)), Voe(n) —ni~"))

) we derive

(3.3.20)
t n n—
< oot = R + S IVa g — m I

+ 228 Tspn 1), Vo0~ )

and thus

— AL (87, V(P (ta1) — 17 1))

OJ\OO

(A2 (V6i(pn(tn) — pr(ta—1)), Vo ™)
- §(At)2\|V5tTI§||?) + g(At)2||V5t77§71H3

+3)6eml — el + = ( t)*(Voupn(t n)s Vor(ny —m,~ ).

Combining all the estimates gives
3l1dea, 115 + 3ll6em’y — o 15 — 3ll0emy 13
+10em 15 + (1200 — 5t77"_1||3 + [16eemiy Il
— 0o 5 — 1120em ™" — demy 1§

n o 4(At)?
AV + 400V -y + 2

Vo 113

< ANHER G) + 5 AV (t0) — palta 1)), Vo)

4 .
+ S A0V

~n 8 n—
+3ll5mﬁf5mu\|3+§(ﬁt) (Vouupn(tn), Vor (i, — 1,7 1))

and using ||5t"7u||0 < ||§mu\|0 we derive

1877115 + 112060 — Semy =[5

+ 16eeemip 15 — 16e7,, 1H0_ [126¢m7,~ —5t77 I3

+ AAt|| VT2 + AAY||V - 6,772 + = (At) V8712
g(At) HV(stU ||g+4At(5tR”75t7~7 )+4At(V6ttph( ) 5t’7u)

+ S (AL (Voupn(t n)s Vo))

w| oo
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4
< =
3

< 5 (A2 Vo~ 5 + AAL|6 R (|7 + Atl|deay I3
+ AV rpn (tn)ll5 + Atldey 15 + gﬁt\lwtmh(tn)llg
@0V 3
Next, we sum this equation up from n =3 to m < N:
IR + 28 — Sy I3 + 5 (AH2 TS I3

+ 37 (1001 + AAt|| Va7 |12 + 4AtY ||V - 537" 12)
n=3

. 4
< (163115 + 126em7, — demi 1§ + 3 (A [[Vomg|s

m . 9 )
+ oy (6Ll + Sa0ag13)
n=3

+ A (416, R 2+ T)02pn () 13) -

n=3

If 2At < 1 the discrete Gronwall lemma (A.5.1) can be applied to ||§;7.'[|3 +
3(At)?||Vémr||3. In combination with the initial error estimates (3.3.3) and
[6,R™||2 < C(At)* this yields

~m m m— 4 m
18773 15 + 1267 — demiy 15 + g(At)2IIV5mp [

37 (18 l3 + AW V6712 + 4Aty |V - 8770 12)
n=s A (3.3.21)
< 83 + 12602, = Sem I3 + 5 (A0 V6?3

+OAEY (18R F + 7107 (ta) 7 (AD)*) < Cain(AE)

n=3

where C in ~ exp (T(1 — 2At)~!). The approximations for At Y | [|6,R"||3
and ||0?pp(tn)|)1 rely on the Bramble-Hilbert theorem 3.2.1, (generalized) Taylor
expansion and Assumption 3.0.5

Finally, the projection error equation (3.3.18) states

oy 20 .
It = 2o = 2201V G — eplti)l
2At
< T(HV@TZ;HO + 16:p(tr+1) o)
< C(At)?.
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Corollary 3.3.6. For all1 < m < N the errors for the velocity can be bounded
as

VIV llo + VAV a1y llo < CAE (3.3.22)

Proof. Due to (3.3.21) we have:
Y WIVealls + IV - sanlle) < C(An)?
n=1

and therefore via triangle inequality
VUIVIElo + VANV - a3 llo
m

<Y (WYL llo + VANV - i lo)
n=1

m 1/2
<C (m > WIVEmlls + IV - MIZII%)) < CAt.
n=1

O

The result so far gives us the correct rates of convergence with respect to
the derivatives of the velocity. Lemma 3.3.7 aims to improve the estimate for
the L?(Q)-norm of the velocity.

Lemma 3.3.7. For all 1 < m < N the velocity error can be bounded as

(At)!

7. (3.3-23)

17ullf (2()) < C

Proof. We eliminate 7 in the convection-diffusion error equation (3.3.15) using
the projection error equation (3.3.17) and obtain

3y — 4, +
2At

,vh> + v (V7 Vo) + (V- E”, V-vp) — (R",vp)

_ 7 n—1 § n—2
= (V(—p(tn) + 5" 3" +

=: (VC",vh) Yo, € VRL,NY .

n—3)

r avh)

Wl

Now we test the equation with the inverse Stokes operator (A.4.1) applied to
4Nt

(237, — 4"+ 7 7), S7h)

= 4At(R", S7,,) + AAL(V (™, S7,,) = AAH(R™, STy,,).
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using S, € Vijf”. Recall that S is a self-adjoint operator:

(v, Swy) = v(VSvp, VSwy) +v(V - Svp, V- Swy,) + (1, Swy)
v(VSwp, VSvp) + (V- Swy, V- Svp) + (1w, , Swy)
= (vp, Swy).

By the definition of the induced semi-norm |u|. = (u,Su) and the splitting
(A.1.1) we get

712+ 120 = (8wl
+ 4At1/(Vnu, VSﬁZ) +4Aty(V -7,V - ST (3.3.24)

= AR, S + [ 2m =l

The consistency error can be bounded as

5

n en At - 12 (A.4.5)
4AH(R", 50,) < A—=[|RY|Z, + vAt|S, Y <

SRR+ a2,
) N A
Using A.4.7 with e =2 (2”%)72, the diffusive term and the grad-div stabiliza-
tion can be estimated by
ANty (Vi VST,) + AAt(V - 17, V - STy) 2> 248 [ 1§ — eAt |7y — nyll5.
where ¢ = 2 (2”%)2 Combining these estimates we arrive at

IﬁZ’I2+I2~" T 12+ 100 |2+ Al

< ASLIRNZ, 2 = T+ et — R

that yields summed up

m

~m ~m ~m—1
o |2+ 120 — |3+Z |01 |2 + Atl[75,15)

m
At
~2 ~2 ~1 ~
<R+ R - (4y||R"”21 i - )
n=3

(3.3.25)
( <44) ~2 112 2~2 CA || n||2 ~n ni2
< lmalg + 11205 — a5+ tz + 17 — o
4
< oA
v
due to the initial error estimates. In particular, we derive
N
_ (At)
17212 1 7220y = At Z ullp < C-—=. (3.3.26)
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2
For an [*°-estimate we use (A.4.7) again with ¢ = 2 ( z ) and obtain

2v4y
from Lemma (3.3.5) together with (3.3.25)

= 2 =2 72 ~n n|2
17 ey ooy < € a2+ C (14 1) ma (77 - i3

(At)*

5 -

<C

v

O

Now we proved everything we wanted with respect to the velocity for the
nonlinear auxiliary problem. For the pressure we do not give a convergence
result at this point but just at the end of the chapter.

3.3.4 Error Estimates for the Nonlinear Problem

For the nonlinear error we get a superconvergent result with respect to the
derivatives of the velocity.

Lemma 3.3.8. For all1 <m < N it holds

€115 + (A8 Vep 5 + > {AWIIVE“II% + Aty[|V - &[5
n=1

ALY il (@ - V)ER I3 ]
MeMy,

< Ca, ICUR max max {73} + (at)’ max max {7y}  (3.3.27)
= TN 13h2d 1<n<m menm, - M V2hd 1<n<m MeM, = M

(At)z no|~mno|2
TR AR,

Ath?ke (AR)2HL (A
+ + +

V3 V2 V3

where the Gronwall term Cgq y is defined by

T
Couoo (1)

htFe 402 (An)H

1
v
n \2 n
+ max max {(TM) }Jr max max {TM}>

1<n<m MeM, | vh2d 1<n<m MeMy

provided that K < 1.
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Proof. Subtracting the convection-diffusion and projection equations for wy,
and uy,, from each other gives

<3EZ —denl +en?

AT vh> +v(Ve,, Vo) +v(V- e, V- vy)

_ ~n o~ 3.3.28
+ (Ver o) + c(un(tn), un(tn), va) — c(@p, Upy, vi) ( )
+ Sh(uh(tn)vuh(tn)auh(tn)v vh) - Sh(ﬂZt’aZta /E'Zta’vh) =0
and
SETuL — 352 n n—1
<2At + V(ep — ep ),yh> = 0 (3329)
We now test (3.3.28) with 4Ate]! and (3.3.29) with At Vel ~!:
2 (3ey, —4del ' +ep % ey)
+AAt(VE" VED) + AALy(V - 8",V - &7) (5.3.30
+ At (s (wn(tn), wn(tn), wn(tn), €,) = sh(Upy, Upy, gy, €,)) -
= —4At (c(un(tn), un(tn), €,) — c(Upy, Uy, &) — 4A8(Vep ™ &)
3~nvn1 _V(n n—l)vn—l 3331)
2At“’ e =( ep — €y ), Ve, ) (3.3.

We add these equations using the usual splitting (A.1.1) for the terms that
resemble the discretized time derivative

(2(3e;, —del ' +er?),en) =1 + I + I
= 3|leulls + 3llet — " [I5 — 2ller 13 + 127 — e [5
+[l6eeenlls — llen 13 — lI2en ™" — en~?I5.
The second term I, again vanishes due to the fact that e, is weakly divergence—
free. With the identity (a —b,b) = 1(||al|§ — [la—b[|3 —[|b]|3) and ||e"H || ol
we have

. ~ _ 4
€215+ 3lle — ELllG + 12e% — en ™[5 + 5 (A0*[[Vepllg

+ 4At|VeL||2 + 4Aty||V - €1||2 + ||0en |2 + 4At(S™, el)

o - . 4 . (3.3.32)
< len il + l12en ! —en 2 g + (A0 [Ver g

+ g(At)QHV(eZ —ep 5 —4AHQ" &)

where Q" abbreviates the convective terms and 8™ the terms due to SU stabi-
lization:

(Q",€,) = clun(tn), un(tn), €,) — c(tpy, Uy, €,)
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(Snv EZ) = sh(uh(tn)7 uh(tn>7 uh(tn)ﬂ EZ) h(uht7 'U’Ztﬂ ﬁZtv ~Z)

The projection equation (3.3.29) tested with V(e — ey ™) yields

4 n n— n -
S0V (ep = eI < 3l — &3 (3.3.33)

and thus after summation from n = 2 to m:
» _ 4
len 115 + lI2e — e =I5 + g(At)2||V6?||3

+ 2_32 4| VEL I3 + 480V - €113 + [duerll} + 4au(S™ &) (3:3.34)

< e, ll5 + l12ells + (At) IVeylls — Z4At " ew)
n=2

Due to €, + 1, = up(t,) — uy, we calculate for the convective term using
skew-symmetry

(Q". &) = clun(tn), un(tn), €,) — c(Upy, Uy, €,)
= (N, + €y, un(ta), €,) + c(ty,, 0, + €, €;)
= c(ny, + €y, un(ts), €,) + c(Up,, My, €,) (3.3.35)
= c(€y, un(tn), €y;) + c(My, un(tn), €;) + c(un(tn), ny. €,)

C( w) Wu» u) - C(~27 "727~Z)
and with boundedness of | Vuy|lo (cf. 3.2.4):

c(€y, un(tn), €,) = c(€y, ultn), €,) + c(€,, un(tn) — u(tn), €,)

r U

< Y& Nollulta) o5 1 + CIZL I (t) = un .l 12212
< gpivenip + ¢ (Tt ®ll 3 g
el (1) 7582+ e v (1), 1)
= et ) ) - ) 5.2
el wltn), €5) — (L w(tn) — wn(t), €5) (3.3.36)

)’ u

< Clluta)llzlmyllollenll + Cllw(tn) — wa(tn) 1711 l€glh

Vo C. .n C. -n
< @HV%H% + ;H%H% + *||77u||f||u(tn) - uh(tn)l\f

ey, €y) < Clalillen]: < *IIV]IIO HT”/" 1

qu
c(ey, mu. ey) < Claglller|?

Using [|7]lo < C(N) , the estimate (3.2.4) for ||u(t,) — up(t,)||? and |70 <
CAt < Cv we get in combination
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o N R 2(ADY 1\,
@& < ¥|ve u|o+c(”+) "2

(At)215 0
Ath?ku At)2+1 At)*
+C——+ o! )2 el 3) :
1% 1% 1%

For the stabilization term we have

(8™,€) = sn(un(tn), un(tn), un(tsn), €;) — su(Whe, Uy, Uiy, €,)
= sn(Wpy, My + €4, Uy, €) + su(My, + €y, un(tn), Upy, &)
+ sn(un(tn), un(tn), n, +€,,€,)
= 8n(Uht, Myys Uht, €4) + 81 (M, wn(tn), Upys €;,) (3.3.37)
+ sn(un(tn), wn(tn), My, €4) + sn(Wyy, €, Uy, €,)

+ sn (€, un(tn), hy, €,) + sn(wn(tn), un(tn), €, €,)
= Il+12+13+14+15+16

The terms I5 + Ig can be handled as

c B 1 . e
|5 + Ie| < hd Mné%(h{TM}”eu”(z) + 1 Z TarllFar (W) - V)%)H%,M
MeMy,

enz 4 Cmaxmem i} on

+ §| €u vh2d

and we have for the remaining terms:
~MN ~Nn ~n ~n
I _sh(uhtanuvuhtv u)

1/2
SC\/&I&%{T&%IQ}H%%( > mhllear((@y, - Ve )||OM>

MeMy,

1 . —n oven
< O max {rfy [l Py F + ] > rillEa (@ - V)RS a
MeMy,

A

C 1 n ~n ~n
= Mex, {rrrlah P} (At + 1 MXGM: Tyllear (@3 - V)EDE ar-
h

IQ = Sh(ﬁﬁvuh(t ) uht7~2)

c nl=n 1 . I
< mMrg%(h{w}llnuII3IIUh(tn)Hf+Z Z il (@l - V)ED IR ar

MeMy,
c 1 n ~n ~n
< oy ma (AN T Y (@l VIEDIR
MeMy,
Iy = sp(un(tn), un(tn), m,, €,)
< S max {7 Y2 e (t) 12 ) NN + 5 102
>~ Vth MEM M nJ)i0 nJi1 w10 4 uwlll
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C Vinia
< S3pd \hax {TM} (At)? Z'equ'

Taking these terms together yields

n gn 3 n n v,
—(S" e FL< Y millea((@h, - V)e g+ €T
MeM,,

(CmaXMEMh{T]T\Z} + CmaXMEMh{TJ?\I/[}Q) |gn||2
u 110

hd vh2d

N (C’maXMth{T}\Z} N C’maxMth{T]\L/[}Q) (At

2hd 3h2d
+ ¢ max {73 w2} (At)?
v MeM, - MITM '
Inserting all these estimates into (3.3.34) gives
~m mf 4 m
e 113 + 125 — e ™5 + g(At)ZHV% [

+ 3 [4aw | VELIE + 480V - €13 + 1duerl

At S e (@ - V)€ 3 ]
MeMy,

~ 4
< [€llp + II2e; — €515 + *(At)2IIV€§|I3
h4k“ At 41 C
+AAt E : << R (-

(At)205 v
n=2

CmaxMth{Tf/[}Q) |En||2
w0

~ n
+ Mné%(h{TM} + Vh2d

+ C ((At)4 maX]yjth{T&}Q

vh2d
+(At)4maXMth{T£l/1}
vhd
14 ~
A0 s () + 5 IVELIR
@t

+ CAth* e« 4 C(A)2H 0=,

3 n ~n ~n\ |2
4 s
MeMy,

+- Z Ty llEm (@, - V)ey,)
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and therefore
~ _ 4
lenlls + [12e — e 115 + g(At)QHVe;”H%

+ [MWIIVEUII% +AAR|[V - €ll5 + 1uerls

n=2
AL Tl (@ - V)€ I3 ]
MeMy,

- 4
< [[Eullg + l12es — €alls + 5 (A6)?(Vey|lg

hku (At 1
+ OAt Z <+V) +=

14

(3.3.39)

maXMEMh{T}\l/I} maxpnre My, {7_17\1/[}2 ‘ ~n||2
X vh2d wlio

(At)z maxMth maxléngm{T}\}}Q

+ C(At)? ( s

(At)Q maxpre M, maX1§n§m{TJT\L4}
vh

n |~mno|2
+ o (TRIT ) )

(At)

+ CAth? e + C(A)* ! 0=

Due to the estimates for the initial errors of the time discretized problem and
the linear auxiliary problem, the initial errors also converge suitably

. 4
84113 + l12es — edl§ + 5 (A% Vey [I§ < C(A*".
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Now we can use the discrete Gronwall Lemma in (3.3.39) for €, and obtain

1€3115

u

+ (A2 ey 3
+ ALY [IVELE + IV - EpE
n=1

+ ) Tl (@ - V)Ey)
MeMy,

2
0,M

<C (A)* max) <n<m maxayrem, {757}
>~ ULagi 1/3h2d (3"3'40)

(At)* max) <n<m maxarem, {747}
v2hd

(At)z n |~n o2
TR AR

Ath?h (AP (At
+ + +

+

V3 v2 V3

where the Gronwall term C¢ ; is defined by

T
Cg,t ~ exp <1 —K)

ke 4 p2(ADA 1
Ko—coa (P Ava)T 1
¢ t( N

v
2 n
T T
4+ max max (M ) + max max M
1<n<m MeM, | vh2d 1<n<m MeM, | hd

provided that K < 1. O

3.3.5 Error Estimates for the Time Discretization

According to our strategy we have split the error into linear and nonlinear errors.
Hence, we just combine these estimates to get the final result.

Lemma 3.3.9. For all 1 < m < N the error due to time discretization can be
bounded by

~m
(A1) max) <p<m maxprea, {70 12
IE1E < G B
(At)* maxy <p<m maxrem, {75
v2hd (3.3.41)
(AN max max {7l %)
1<n<N MeMy, M M

h2k“ (At)2l+1 N (At)4> .

+At +

v3 v? V3
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ALY [VIVEIR+IV - Eald+ D rhellwar (e - VIEDIE ]
n=1 MeMy,
(At)* maXi1<n<m MaAXMeM,, {7'1@[}2
)t v3h2d
(At)* max; <p<m maxarem, {7h} (3.3.42)
v2hd

At 2 n|~n |2
+ (A1) max  max {7y}

h2k“ (At)2l+1 (At)4
3 + 2 + 3
14 14 v

<

3

+At

) + C(At)2.
Proof. For the linear error we have according to Theorem 3.3.4 the estimate

(At)® (At)t

v2

> (VTR + VL) < © (3.3.43)

=1

m
ALY |8 +
i=1
and for the nonlinear error we obtain

m
e Is + At > {VHVEuH% +7IV-els

n=1

+ ) mllEam (@ - V)EDIE M
MeMy,

<C (At)* maxy <p<m maxaream, {70 12
S bae 3h2d (3.3.44)

(At)* maxi <n<m maxarem, {77}

v2hd

A 2 n|~n |2
+ (At) 1glna§><NMH€1%<h{TMluMl}

Ath?ke (AR)2HL (A
+ + + :

V3 V2 v3

We further notice
Tarllrar(@hy - V)E)NG < Crigllen (@, - V)WDIG + Crirllrns (@, - V)eu) |3
< Criglan, P71 + Crillea (@5 - V)€ |13

Hence, we get in combination the proposed result.
O

3.4 Error Estimates for Spatial-Temporal Dis-
cretization

For the sake of brevity we define the total error by

~n ~Nn

Coi=ultn) — Ty, €L i=ultn) —ufyy &, = pltn) — Dy
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Now that we derived estimates for both the discretization in time and space
we can combine these results into the following theorem.

Theorem 3.4.1. If the stabilization parameters satisfy for all 1 <n < N

- , n e (At)? a
Y = Y0, VRej\/[ S 17 T 5 mln{WlM’h ’

the approximation orders fulfill k, = k, +1 and the time step size and the mesh
width are chosen according to

At < min{y?’/z, hd/4}
hte < p(At) min{vAt, v},
the error due to spatial and discretization in time can be bounded by
1€ullFo o 220y < C(AL)* + Ch*F
HCquZZ(tO,T;LPS) < C(At)? + Ch?M

1GullZ (to, 7122 219)
||Cp||122(t0,T;L2(Q)) < (Xt)’z + HCu||l22(t0,T;LPS)

(At)* + Ch2he
<O =7 -
=T @

+ C(At)% 4 Ch*he.

Proof. For the velocity error we use the fact that all the error terms behave
linear. Due to Corollary 3.2.3 a discrete version of the spatial results reads

oo (to.s1L200))
||€u,h||z22(t0,T;LPs) < C||5u,h||2L2(t0,T;LPs) +C(At)*.
where the right-hand sides are bounded by
1€ n 170 1o 122 )0 + 1€unll Z2(t0,7:LP5)
T
to

< CZ h2k)u / eCG(’u)(t—T) ((1 + VR@?W + 7-1\/[|’u,]\4|2 + d’y) |u(7)|%/Vku+1*2(wM)
M

1€ n 7 o3 2200000) < 1€un

+7arlun PR TR () [fr ez, + 1050(T) [f iz

d 1
2(kp+1—Fku) i -, = 2
+ ) min <1/’ 7) |p(T)|WkP+1‘2(UJ1\/I)>dT.

war)

Furthermore we estimate the spatial error for the time-discretized LPS-term by

S (Wiyps €5 s Uy i) < max{ 7y gy [*HI€5 -

In combination, we obtain

1€ullEs o 722y < ClEWlEe t0 iz @)y + Cll€wnllie o 12122 @)0)
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T
S OZ h2ku /to eCG(u)(t*"') ((1 + VR@?M + TM|U’]\/I|2 + d’y) |’u’(7—)|%/Vku+l=2(wM)
M

+ TM|uM|2h2(S—ku) |U(T>|12/VS+1*2(L;)1\4) + |atu(T)|‘2/[/k“’2(wM)

d 1
2 keptlohy) . 2 2
+ h ( pt )mm <V’ 7) |p(7)|WkP+1*2(wM))dT + C(At)
c (At)* maxy <y <y maxprem, {75 12
+ Cagt 3h2d
(At)* maxi <, <y maxare m, {751 }
v2hd

+

(At)? _
et s AU

th“ At 21+1 At 4
ol L GO0 A0y

V3 v? V3

HCqu22(to,T;LPS) < ||€u||122(t0,T;LPS) + Héu,h”l%(to,T;LPS)
T
< OZ h2ku / eCG(u)(t*T) ((1 + VRB?\/[ + 7'1\/[|’u,]\/[|2 + d’y) |’u’(7—)|%/Vku+172(wM)
M to

+ TM|uM|2h2(S_k“)|U(T)|124/s+112(wM) + |8tu(r)|‘2,vku,2(wM)

d 1
2kp+l—ky) i (&L 2 21 2
+ h2Fe min (1/’ 7) |p(7—)|Wkp+1,2(wM))dT + C(At)™ + C(At)

3h2d

(At)4 mMaxi<p< N Maxyrem, {Thr
v2hd

L Co ( (At)* max;<n<y maxnrem, {737}
it

_|_

(At)z n|~n |2
2 12%}(1\/ MI%%(h{TM|uJV[| }
h2k“ (At)2l+1 (At)4

+ + =1 Xu2

At
+ V3 V2 V3

In order to balance the stabilization parameters we bound the streamline
velocity approximation in the spatial discretization by the following argument.
Choose the partitioning My, := ([to + (n — 1)At, tg + nAt]) =1, (17—1)/a¢ and

a piecewise linear nodal basis ¢,. Define @y4(t) by the finite element approxi-
mation @y, := Yy, Up, ¢y, and choose 77 as the finite element approximation of

T4 according to Tar = Y. Tid,. In particular, dpe, Tar € H'(to, T; L*(Q2))
and 7ar(tn) = 11y With ap(t) = ﬁfM wpe(t)dr and the abbreviation
K = ||u||2L°°(tO,T;[Wku+1=2(wM)]d) it holds

T
/ TM(t)|U(t)|%;Vku+l,2(wM) |U/M(t)‘2dt

to
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T
<c / A O10) Bynsp [Br (D)] 2
to

T

+C [ (D) fyru 12 [war () — @ (8)]dt
to

< CK|vrartn |7z 1)

T
+ Ch_d/ 7o (O)[0() k1.2 ) 10(8) = e ()15, 0t

to

< OK|vmrtn |22,y + Ch™ K| /Tar (wn = @ne) 17210 122 (01yj)
< CK|lVTatm |7y m)
+ Ch_dK(H\/TM(uh - ﬁht)”lQ?(to,T;[L?(M)]d) + C(At)2l)

maxi<n<N{Ty} %
;M||€u||122(t0,T;[L2(M)]d) + C(At)m)

< n |~ 2
—CK(1£%XN{TM|1‘M| 4+ X

< C”“”%*(to,T;[Wku+1’2(wM)]d)

no~ |2 maxi<n<nN{Tjr} 4 21
(e {rfylaing P} + =00 (A o(an®).

Using the parameter choice

. (At)? d
= Y0, vRe2, < 1, 73 <min{ ———-——,h
Y Y0 M = M ~ { un |2h2(3—ku)

we obtain the claim for HZqu(tO,T [22(q))4) and ||Eu||l2(t07T;Lps), if l =2 and we

require u, € W22(to, T; [L?(2)]%).
In order to obtain the estimate for the pressure error in the L?(Q)-norm we
utilize the discrete inf-sup stability of the ansatz spaces, i.e.

Jwy, € Vi [[Vwnllo < g3 llo/8, —(V-wn, ) = G115 (3.4.1)

We test the convection-diffusion error equation with wy:

<3ZZ i ST

e ,wh> +u(VC, Vwy) + (V- Co, V- wy)

e ~m n ~n ~m (3.4.2)
= _C(u(tn)a u(tn)v wh) + C(uhtv Upy, wh) + sh(uht» Upyy Upgs wh)

+ (Dyu(tn) = Opultn), wn) = (V(p(ta) = phy '), wh)-

where Dyu(ty,) = (Bu(ty) — 4u(tn—1) + u(tn—2))/(2At) and Opu is the time
derivative of u.
Noticing ||f||-1 < || fllo we obtain

n— 1 n— n—
IVewnlollcy ~ llo < 116G = —(V¢ " wn)

3¢, —4¢n 4 (2
2A¢t

IVwilo + VIV ol Vewn o
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V- CullolIV - wallo
+ C(u(tn)a u(tﬂ)’ wh) - C(aZt’ iv”Ztv wh) + Sh(a’Zv 'H’Zta aZn wh)
+ [Deu(tn) — Ou(ty) || -1[[Vwnllo + [Ip(tn) — p(En—1)llol|V - who.

We calculate for the convective terms
~n ~n ~n xN
C(u(tn)’u(tn)vwh) - C(uhﬂuhtawh) ( u(t ) wh) (uhtacu’wh)
= C( w’ u(tn)v wh) - C(u(tn)y Cu, wh) - C(Cuv Cua wh)
< Ol llollwtn)ll2llwnllr + ClIE, 1T ][wnll
and for the nonlinear stabilization

~ ~ ~ ~ ~n ~
Sh(u;thv uZtvuZtvwh) = Sh(uZtv u(tn) - CuvuZLtvwh)

<C Y mhlah P lear(u(ta))llo,arllllwnl 1

MeMm,,

~ ~n ~
+C > millea (@ - V) loaa @ |lwn 1,01
MeMy,

< n |~n |2
< 0 (o, (5 Pl Caltn) o)

+ Y milahllea (@ - V)E )||0M> [Vwnlfo.
MeMy,

We combine these results and obtain due to the approximation property of
Ky and the estimates for ||C |00 (t0,73[22 (02))4) and ||C 20, 752.P )

1~ ~
Atz 165 < {(At)g”Cu”lQOO(tO,T;[LZ(Q)]d) + V2 IVClI o 2 ()0

+72V - Cu||l2(t0,T;[L2(Q)]d) F 1€ ullfe o 7122 g0y 1172 (1o 12 ()
+ 1<, ||z2oo (to,7: (1 ()] 1€ ||122 (to, T;[H' (2)]9)

27 2k,
+1£I}?<XNN%3X {rirlah*y*h ||qu2(t0, [Whu+1,2(Q)]d)

+ max max {TM}AtZ Z Tyl ks (@5 - V)E )||0M+(At) }

1<n<N MeM
n=1 MeMj,

1
<C <( ALY ||U||122(t0,T;[H2(Q)]d)> Yul

+ <1/+'y+ max  max {TM|uM| }) X2

1<n<N Me
27 2k 2
+ C12?<XN MIIéaX {TM| | } h ”u”l2(t0,T;[Wku+1,2(Q)]d) + C(At)
Xu2
C
TR
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Using the parameter choice

. (At)? d
= Y0, vRe2, < 1, 7 <min{ ———-——,h
Y 0 M = M ~ { un |2h2(5_ku)

and choosing the time step size according to At < nain{y‘g’/ahd/‘l}7 and the
mesh width as h**« < v(At) min{vAt, v} the error estimates can be written as

”Cu”lQOO(tO’T;[Lz(Q)]d) < C(At)4 + Ch2ku
1Culle o, ips) < C(AL)? + Ch*

1€l 122 ()
1€olI7% (1o 722 2y < (Xt)é[ D+ 1Sl t0,7:.p5)

(At)* + Ch2Fu
< S~
<O A

+ C(At)? + Ch*.

O

Remark 3.4.2. If we want to bound the pressure error estimate and the L?()-
norm of the velocity best, we should choose (At)? ~ h¥« < h?/2. On the other
hand, if we are most interested in the LPS-norm of the velocity, we should use
(At)2 ~ h%ku. In fact, this is the only error that has the expected orders of
convergence. If we restrict ourselves to this case, the parameter choice changes
a bit and we get

y=1, vRe3, <1, At<min{v® h¥*}

1213%XNTJT\LJ|U71\L/I|2 < min{1, h?/(At)?}.

In either case we observe that the rate of convergence for the errors with
respect to time discretization is in agreement with the estimates in the available
literature for this scheme. The spatial convergence rates however suffers from
a suboptimal estimate for the L?(€2) norm of the velocity. The interpolation
operator would yield an approximation error proportional to hF+*1. If we would
obtain such an estimate we could also bound the pressure with the rate of
convergence of the interpolation operator provided k, = £, — 1.

Remark 3.4.3. A main result for the spatial error estimates that we used in this
approach is that the Gronwall constant does not dependent explicitly on the
viscosity v. Unfortunately, this result does not transfer to the discretization in
time. Due to the fact that we only assumed the time discretized quantities to

fulfill the regularity requirements
up, € Wh(to, T; [L2(Q)]Y) N W2 (4o, T; [H (2)]%) (3.4.3)
pr € W3 (to, T; H' () -

we couldn’t use an L™ (to, T; [H?(£2)]?) for the estimates of the convective term.
This results in a Gronwall term according to

T
G~ exp (1;()
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ka4 2 (At)H . 1
(At)205 v

Gk 4
4+ max max 4+ max max —
1<n<m MeM, | vh2d 1<n<m MeM, | hd

Taking the stability requirement h?*» < vAt into account, this in fact means
that we have to choose At < v/3.

If we would have a bound for uy; in L>®(ty,T;[H?*(Q)]%) norm we could
improve the behavior in the Gronwall term C¢ ; with respect to v:

c(un(tn), un(tn), €,) — c(tp,, Uy, €,)
= c(7, + €y, un(tn), €,) + c(p, 11, + €, €,)
(7 + €y un(tn), €,) + c(Uhy, 1, €,) (3.4.4)
= c(€y, un(tn), €,) + (M, un(tn), €,) + c(un(tn), M, €,)
= (M, M, €,) — (€4, €)

K = C’At(

c(€y, un(tn), €,) < C’II~"||oHUh( n)l2lley
v ~ ~n
HlIVeuls+ | ul

c(un(tn), 1, € )+C(nu,wz( n): €,)

_ _ ~ _ C. (3.4.5)
< Claty)ll2lnylloll€nl < §IIVGUII3 + gllnﬁllg

~n ~n ~n ~n ~n 4 ~n C ~n
o, s €) < Claglillesl < 5 I1verls + — i

c(&n. my,en) < Cllaslllenl?

u?nuv u

and therefore

n -n

c(un(tn), un(tn), €,) - (uhtvuhta €.)

~ —n Cwn
< CIverls (v + Iyl + *Heullo IIMHE‘SJr;Ilnulli1

Provided |7,]l1 < Cv this gives a Gronwall term according to
OGJ ~ exp 1—§t/u
Remark 3.4.4. The restriction on the stabilization parameters

At)?
= 2, < b <mind — B0
Y Y0, Z/fiel\/l = 17 Ty S Mmin |ﬂ7]€4|2h2(3—ku)’h

is the usual one with respect to grad-div stabilization. For the LPS stabilization
however we require an extremely small parameter. A choice satisfying this con-
dition would not be expected to show any significant influence on the solution.
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Chapter 4

Numerical Results

We comprehend our considerations with some numerical results that show what
indeed can be expected for the suggested model.

The considered example is one for which we compute the forcing term f
such that

w(z,y,t) := (sin(1 — x) sin(y + t), cos(1 — z) cos(y +t))T
p(xz,y,t) := —cos(1 — ) sin(y + t)

is the solution to the time-dependent Navier-Stokes problem in the domain
Q= [-1,1]? and for ¢ € [0,1]. In Figure 4.1 this reference solution is depicted
for the initial and final point in time.

The standard incremental pressure-correction scheme considered in this re-
port is compared with the rotational pressure-correction scheme proposed by
Timmermans in [6] and analyzed for the Stokes by Guermon and Shen in [7].
For our setting it reads:

05

00

AL
//‘4/‘/“/““*‘\\
NN

E =5 00 05 15 E 05 00 05 15

Figure 4.1: Streamlines for the reference solution at ¢ = 0 (left) and ¢ = 1 (right)
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Find ay,, € Vj,u}, € Y}, and p}l, € Q) such that

3uy, — 4uy, Ly uy, 2
2At
+ (V- upy, V- vp) + sp(Wgy, Upy, Upy, U) (4.0.1)
= (f",vn)+ ;1 V - vp)
~n
Upslon =0

,m) + (g, Von) + c(@f, @y, vn)

3,un - 3'&” n T — U
ZTht  CTht + v(pht — Ppy ! TUTQ, (V : uZt))vyh =0
2A¢
(V . UZth) =0

Upiloo =0

(4.0.2)

holds for all v, € Vi, y, € Y, and gy, € Q.

In this algorithm mg, denotes the L?(2) projection in the discrete pressure
ansatz space Q. The modification in the projection equation should prevent
that the otherwise artificial boundary condition m - Vp?, = --- = n - VpY,
deteriorates the error. In fact, it can be shown that for the Stokes problem the
error with respect to the H'(2)-norm in the velocity and the L?(€2) norm for
the pressure a rate of convergence as (At)3/2 can be expected.

Although we didn’t carry out the analysis for this algorithm adapted to our
approach, we still believe that similar results hold true and can be observed
numerically.

To study the dependence of the error on the diffusion parameter we consider
three different Reynolds numbers Re € {1072,1,10?}. Additionally, we want to
investigate whether stabilization really improves the results numerically. As
a first result we figured out that LPS-SU stabilization does not show any
significant influence on the error in the considered parameter regime. Therefore
we just consider grad-div stabilization in the following.

For the first results (cf. Figures 4.2, 4.3, 4.4, 4.5 ) we choose Re = 1072,
We see that the error in the considered regime is strictly dominated by the
spatial error; with respect to the time step size At we see only small influence.
The convergence rates with respect to h are as expected of third respectively
second order . The effect of the rotational correction is quite big while grad-div
stabilization is not required here; for all considered norms the error does not
depend on whether we use it or not.

In Figures 4.6, 4.7, 4.8 and 4.9 the case Re = 1 is considered. For the errors
with respect to the L?(2) and H'(£2) norm of the velocity we see almost no
influence whether we choose the rotational or incremental form or stabilization
or not. The convergence rates with respect to spatial discretization is again as
expected. This time we observe for both quantities approximately second of
order of convergence with respect to time. For the divergence of the velocity
we again see a quite big influence of the rotational compared to the standard
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1e-06
1e-07
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01
‘incremental/errors_Rele-2_gd.txt' u 1:2:.3 —+—
‘incremental/errors_Rel1e-2_nogd.txt' u 1:2:3 - <~
‘rotational/errors_Rele-2_gd.txt’ u 1:2:3 ---*---
‘rotational/errors Re1e-2 nogd.txt' u 1:2:3 &
Figure 4.2: Re = 1072, errors for the velocity w.r.t L?(u)
0.1
0.01
0.001
0.0001
1e-05
0.0

Figure 4.3: Re = 1072, errors for the velocity w.r.t H'(u)
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Figure 4.4: Re = 1072, errors for the velocity w.r.t L2(V - u)
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0.001

0.0001

0.0

Figure 4.5: Re = 1072, errors for the pressure w.r.t L?(p)
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0.1

0.01
0.001
0.0001 E
1e-05 F
1e-06 F
1e-07 F
0.0
01
‘incremental/errors_Re1e0_gd.txt' u 1:2:.3 —+—
‘incremental/errors_Re1e0_nogd.txt’ u 1:2:3
‘rotational/errors_Re1e0_gd.txt' u 1:2:3 ------
‘rotational/errors Re1e0 nogd.txt’u 1:2:.3 — o

Figure 4.6: Re = 1, errors for the velocity w.r.t L?(u)

incremental form. Interestingly, the grad-div stabilization is again of minor
importance. Finally we for the L?(2) norm we see four distinct results. Best is
the rotational form without stabilization, then the rotational form with stabi-
lization, the incremental form without stabilization and worst the incremental
form with stabilization. This in fact the first result in which we see that grad-div
stabilization is harmful for an error.

Finally we consider Re = 102 in Figures 4.10, 4.11, 4.12 and 4.13. For the
the first three errors we get a clear picture. Grad-div stabilization diminishes
the error by a fixed factor. In fact our analysis tells us in this parameter
regime that grad-div stabilization improves the dependence on the Reynolds
number Re from Re! to Re'/?. This is exactly the behavior that we observe.
On the other hand the whether we choose the rotational or incremental form
is of minor influence. In fact, the correction terms vanishes with decreasing
v. Hence, this is not too surprising. The rates of convergence that we observe
are again optimal in the sense that we achieve the rates of the interpolation
operators with respect to spatial discretization and for the time discretization a
behavior like (At)2. Note that in view of the analysis carried out for these types
of schemes the results are superconvergent with respect to time discretization.
For the pressure error the behavior with respect to stabilization is the other
way around, similar to the results for Re = 1. Again, the error is best when
no stabilization is used and the rotational correction is negligible. This last
case tells that one really has to know which error one wants to control when
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0.1
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0.0001 E
1e-05 F
1e-06 F
1e-07 F

0.0

Figure 4.7: Re = 1, errors for the velocity w.r.t H'(u)
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0.001

0.0001

1e-05

0.0

Figure 4.8: Re = 1, errors for the velocity w.r.t L2(V - u)
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0.1
0.01
0.001
0.0001 E
1e-05 |

0.0

Figure 4.9: Re = 1, errors for the pressure w.r.t H'(u)

choosing stabilization parameters. There is apparently no choice rule that is
best for both velocity and pressure.

In summary one might say, that the rotational correction does never harm
and even improves the results considerably if the viscosity v is not too small.
Grad-div stabilization however seems to be beneficial whenever the main interest
is in the velocity solution. For the pressure the above example suggests that
disabling the stabilization is the best option.
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Figure 4.10: Re = 102, errors for the velocity w.r.t L?(u)
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Figure 4.11: Re = 102, errors for the velocity w.r.t H'(u)
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Figure 4.13: Re = 102, errors for the pressure w.r.t L?(p)
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Chapter 5

Discussion

We considered two different approaches for error estimates of the fully dis-
cretized time-dependent Navier-Stokes problem. In both cases we used a sta-
bilized Finite Element framework for the spatially discretization and a BDF2-
based projection algorithm for the discretization in time.

While we finally achieved similar results with respect to rates of convergence
in space and time, the requirements are quite different.

In the first approach we were able to carry out the analysis under relatively
mild regularity conditions on the intermediate solutions, i.e. we did not exceed
regularity assumptions that stem from the definitions on the norms we wanted
to control the error in. Unfortunately, this did not give the correct rates
of convergence due to suboptimal estimates for the interpolation error m,, ;.
However, assuming the same regularity in space as for the continuous problem
lifted this restriction and with respect to the velocity just the estimate on the
L?(Q) error is suboptimal. The pressure error always depends on the estimates
for the velocity since we recover the L?(Q) error using the inf-sup stability of
the considered ansatz spaces. The final result that we get is of kind

h2k“+2

AT Canh® 4 Cq (A1)

ALY CHIB < Canh®2At + Ca

n=1

Aty <V||VCZ||3 +AIV-Cills+ Y Thrllea (i, - V)CZ)H%,M)
MeMy
2k, +2

n=1

< Coph® P2 At + Cq + Cai(At)? + Cgph®re

and
ALY NICHI
n=1
h2kp+2 th“'+2 h2ku ok 5
< Con—— —— S e O(A)2.
< Cac,n A7 +Can L +CG7h(At)2+h + C(At)
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That is we need to satisfy some compatibility constraints for the At and h
depending on k, and k, due to these final estimates. Furthermore, we need to
choose At,h < v3/2.

For the second approach we already needed to assume that the auxiliary
solution is sufficiently smooth due to requirements for the spatially semi-discrete
analysis. The final error is of form

||Cu||l2°°(t0,T;[L2(Q)]d) < O(At)4 + C 2k
HCquQ?(tO,T;LPS) < C(At)? 4 Ch2ke

1Culli (. gz )
1€oll7% (1o, 22 () < (Xt)’g + ¢l o, 7:1p8)

(At)* + Ch2h
<O =7 -
=

+ C(At)? 4 Ch*he.

In this estimate the errors with respect to spatial and discretization in time are
separated for the velocity in contrast to our observations for the first approach.
Nevertheless, the analysis dictates a choice due to At < 3 and the stability
hZke < yAt < v*. These requirements are clearly more restrictive than the
previous ones although similar estimation techniques for the convective terms
were used.

With respect to the stabilization parameters we obtained in both cases
that v = const. should be chosen. While the first approach allows for a LPS
stabilization parameter in the range [0,1/|u|?] in the second approach we

At)?
Mlgh%, hd}}. Due to the fact that
we often find a behavior like h/|up| this restriction seems to be too strict to
allow for considerable effects.

need to consider the interval [0, min{

Although the analytical results are convincing we still suffer from having
too assume a quite a lot regularity on the intermediate solution. Furthermore,
the interpolation rate of convergence for the L?() norm can not be achieved
in either of the approaches. We attempt to solve these problems by omitting
the intermediate step and discretizing in space and time at the same time
in future wirk. In particular, we need to find a sufficiently problem adapted
interpolator such that the discretization error is superconvergent in space and
time with respect to the LP.S norm.

After these analytical observations we also investigated if we can see these
effects also numerically. Therefore we compared with an algorithm that uses
a rotational correction term. The results suggest that the error behaves like
the interpolation error with respect to spatial discretization and converges like
(A)? in time for all considered norms. Especially, for low Reynolds number
the rotational correction diminishes the velocity errors considerably. For higher
Reynolds numbers the effect of grad-div stabilization is dominant. Interestingly,
we observe for Re = 102 a positive effect for the velocity but a negative effect
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for the pressure. Thus, the choice of the stabilization parameter must depend
on the norm one wants to control the error in.
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Appendix A

Appendix

A.1 Splittings for the Discretized Time Deriva-
tive
In this report we need quite often a splitting for terms of the form
(3a —4b+ ¢, a)

where (-, ) denotes a symmetric bilinear form.
Some auxiliary algebraic identities are:
2(a,a — b) = |a|* + |a — b|* — |b|?
2(3a — 4b + ¢, a) = |a|* + (4]a|® — 4{a,b) + |b]?)
+ (|a]® + 4Jb)* + |c|* — 4{a,b) — 4(b, c) + 2(a, c))
— [b* = (4]b* = 4(b, c) + |cf?)
= la|* 4+ |2a — b]* + |a — 20+ ¢|* — |b]* — |2b — |?
where |a|? is an abbreviation for (a, a).
This gives for the desired term
2(3a —4b+ ¢, a)
=6(a—d,a)+2(3d—4b+c,a —d) +2(3d —4b+ ¢, d)
=3|a]? — 3|la — d|* — 3|d|* +2(3d — 4b + c,a — d)
+|d? +12d — b|* + |d — 2b+ c|* — [b]* — |2b — ¢|?
= 3lal® — 3la — d|* — 2|d|* + 2(3d — 4b+ c,a — d)
+12d —b]* +|d —2b+¢|* — |b]* —|2b — |

Often we use this where a, b, ¢, d are given by

a=f(n), b=gn-1), c=gn-2), d=gn).
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In this case we arrive at
2(3f(n) —4g(n —1) + g(n - 2), f(n))
=3|f(n)]” = 3|f(n) — g(n)]* - 2lg(n)|*+
+2(g(n) —4g(n —1) + g(n —2), f(n) — g(n)) (A.1.1)
+12g(n) — g(n — 1) + |0ug(n)®
—lgln =1 —[2g(n —1) — g(n - 2)]?

using the propagation operator d;f(n) := f(n) — f(n —1).

A.2 Vector Calculations

For a scalar function ¢ € H' (Q) and a vector valued w € H? (Q) it holds via
integration by parts

d
9 (Au), Pu;
o720~ (o3 200) 5 (1 7 )
el i % j

2]
- _Z; (azj’ aziazj) - —; ((W)j ¥ (V- u))

For all w € H? () and ¢ € L? (Q2) it holds

4.9 (Au), 4 o,
: _ J _ T

d_ 52
= Z@V'U,(ﬁ = (AV -u,p).

ij=1

(A.2.2)

A.3 Estimates for the Convective Term

Denote by u,; the average over a cell M € M, i.e.

i,
Uy =—— udx.
| M| )y

1 2
= s B = [ Nunlide = el < iz ([l )
y 17 U

< / Jll? i < [l pr-
M
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Then we get the following estimates for the streamline derivative:

2

ob;
(@ns - V)blIg 2 = Zaﬂﬂj%

| ! 0,M
2 2
A ob; ob;
<D | 2 ||emag, =D | 2 lawsl||52
i J O; 0,M p ; 0x; 0,.M
l1—1l2 2 8[)] 2 9 8bj 2
S5 (Sl ) (S22 ) < (et ) 5 2
i j j viho,Mm j i,j tllo,M

1
= llaar 5, ar 1Bl s < MH@MII%,MIIbIIiM

Furthermore, we use that the convective term can be estimated as follows
lullllvllilwl Vu,v,w € Hy(Q),

lullzllvlollully  Vu e H*(Q) N Hy(Q), v, w € Hy(%),
lullzllvlli[lwlo Vu € H*(Q) N H(Q), v, w € Hj(Q),
lullllvllzllwlo Vv € H*(Q) N Hg(Q),u, w € Hj(Q)

1/2 3/2
c(u,v,u) < Cllully?[ul?|v]l, Vu,v € HY(R).

c(u,v,w) < C

(A.3.1)

A.4 The Inverse Stokes Operator

For the considered ansatz spaces V and @ we define the (grad-div stabilized)
inverse Stokes operator S: V' — V as the solution (Sv,r) € V x @ of the
problem

v(VSv,Vw) — (r,V-w) + (V- Sv,V-w) = (v,w) YweV
(V-Sv,q)=0 Yq € Q (A.4.1)
S'U‘QQ =0.

In particular, Sv is weakly solenoidal. Furthermore, we define the induced
semi-norm | - |, by

[v|? := (v,Sv) YweV.

The ansatz spaces V' and @ may be discrete (Chapter 3) or not (Chapter 2).
With this setting we can prove the following properties:

Lemma A.4.1. S has the following properties for all € > 0:
VA [VSwl§ + vivl? < |lvlf3,
[v|? = v(VSv, Vo) +~(V - Sv,V - v)

2w+v\" e 1 X ¥ div
z<1( =) 4>||v||%€vv||% Yo' e V
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Proof. By testing equation (A.4.1) symmetrically we can derive an estimate on
the solution in the H'-semi-norm

VIV S|+ - Svl} = (v, 5v) = (1, V - Sv) = (v, 50)
[o]l-1]1 S0 (A43)

IA

A

1 1
= [VSv| < = [vll-1 < =[vllo
v 14

and get an estimate for the semi-norm induced by S with respect to the L%(Q)
norm

1 1
[off = (v, Sv) < [[ol| 1| VS| < —lvl|2, < ~[lv][5. (A.4.4)

According to the inf-sup condition (1.1.3), we have for r € Q the existence
of a unique w € V with

(V-w,q) = —=(rq) Vge@
IVw|| < 87 1Ir].
Testing with (w,0) € V' x Q, we obtain
BlIVwllir]l < 75 = —(r, V - w)

= (v,w) — v(VSv,Vw) — y(V - Sv,V - w)
< (|v)l-1 + (v + )| VSv|)||[Vw|| (A.4.5)

~
< (2+ 1) Ioll-1 [Vl
A combination of these estimates states

I+ vl vSvll < 0 (14 7) ol (A.4.6)
Provided the solution is sufficiently smooth we test with (—ASv, —Ar) to

get

V|| ASY|]2 + 4| VV - Sv|2 = v(V-VSv,V - VSv) +v(VV - Sv, VV - Sv)
= —v(VSv,VASY) + (r,V - ASv) — v(V - Sv,V - ASv) — (V- Sv, Ar)
= —(v,ASv) < [jv]|[[ASv||

1
= [[ASv] < ~|lv|

If we consider a discrete space V' = V}, this bound can also be obtained via
estimates in Hg(Q) (cf. [1]).
For the pressure we get by testing with w = Vr
IVrlly = —(r, v - Vr)
= —v(VSv,VVr) —~y(V-Sv,V - Vr) + (v,Vr)
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=v(ASv,Vr) +4(VV - Sv,Vr) + (v, Vr)
W[|AS[| +~[VV - Sol| + [lo])[|Vr|
(v +NNASw| + o) V7l

g
< £
< (2+1) v
i
= [vrll < (2+ 1) ol

using the vector identity VxVxv =VV-v—Av and (VX V xv,VV-v) = 0.
Next we are interested in a lower bound for the semi-norm induced by the
Stokes operator.
[v|? =v(VSv, Vo) +~(V - Sv,V -v)
=l + (¥ -v)
=|lv||2 = (Vr,v —v*) v* eV

=[|v[I§ = [Vrlllv —v*]|

2
249\ € 1 .
><1—( . )4)||v||8—6||v—v|3 Ve >0

(AA4.7)

A.5 Discrete Gronwall Lemma

Lemma A.5.1. (Discrete Gronwall lemma). Let y™, h™, g™, f™ be nonnegative
sequences satisfying for all 0 < m < [T/k]

m m (T/k]
YT+ kY W< B4k (¢"y"+ ") withk Y g" < M.
n=0 n=0 n=0

Assume kg™ < 1 and let 0 = maxo<p<r/x)(1 — kg™)~'. Then for all0 < m <
[T/k] it holds

m m
y" 4+ kY h" < exp(oM) (B +EY f“) . (A5.1)
n=1 n=0
Proof. A proof of this result can be found in [14], for instance. O
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