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Introduction
Setting

Navier Stokes Equations

—+(u-Vu—vAu+Vp=f in Q% (0, T]
Vou=0 in Q x (0, T]

Q ¢ RY bounded polyhedral domain

—+(@-VuV-1—vAu+Vp=Ff in Q x (0, T]

V-u=0  inQx(0,T]

Reynolds subgrid tensor 7 = uu” —uu’ = (u—u)(u —u)”
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Stabilized Spatial Discretization

Overview

@ Stabilized Spatial Discretization
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Stabilized Spatial Discretization
Weak Formulation

Find U = (u,p) : (0, T) = V x Q = [H}(Q)]9 x L3(R), such that J

(Oru,v) + Ag(u,U, V) = (f,v) VYV =(v,q) eV xQ

where

Ac(w; U, V) = ac(U,V) + c(w; u,v)
Vu,Vv) — (p,V-v)+(q,V - u)
w:Vu,v) — ((w-V)v,u)

2
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Stabilized Spatial Discretization

Local Projection Stabilization

@ Separate discrete function spaces into small and large scales

@ Add stabilization terms only on small scales.

Notations and prerequisites

e Family of shape-regular macro decompositions { M}
o Let Dy C [L®(M)]9 denote a FE space on M € My, for uy,.

o For each M € My, let mp: [L2(M)]9 — Dy be the
orthogonal L?-projection.

@ kp = Id — mp fluctuation operator

o Averaged streamline direction uy € R9:
lupm| < Cllull ooy, (lu = umllec vy < Chmlulpwreo vy
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Stabilized Spatial Discretization
Assumptions

Assumption (A.1)

Consider FE spaces (V},, Qp) satisfying a discrete inf-sup-condition:

inf sup (V-v.9) >B>0

a€@\{0}vev,\ {0} IVVIl2@)llall 2@
= Vp ™ i={vy€ V4 | (V vhqn) =0 VYq, € Qn} # {0}

Assumption (A.2)

The fluctuation operator kpy = id — wpy provides the
approximation property (depending on Dy and s € {0, --- , k}):

l5mwl|2(ary < Chfv,HwHW/,z(M), Yw e WH2(M), Me M, | <s.

A sufficient condition for (A.2) is Ps_1 C Dpy.
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Stabilized Spatial Discretization

Assumptions

Assumption (A.3)
Let the FE space V}, satisfy the local inverse inequality

HVVhHLQ(M) § Ch/\7/11||vh||L2(M) Vvh € Vh, M e Mh.

Assumption (A.4)

There are (quasi-)interpolation operators j,: V — V} and j,: Q — Qp
such that for all M € My, for all w € VN [W"2(Q)]4 with 2 < [ < k+1:

lw — juw (| 2y + |V (W = juw) [l 2wy < ChipglI Wl wr2(eonr)
and for all g € @ N H'(M) with 2 < | < k on a suitable patch wy D M:

g — jpall 2y + rmlV(q = Jpo@)ll 2y < Chillallwrz(on)
||V fj,,v||Loo(M) < ChM|V|W1,oc(M) Yv € [Wl’OO(M)]d
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Stabilized Spatial Discretization

Stabilization Terms

@ LPS Streamline upwind Petrov-Galerkin (SUPG)

sp(whiu,v) = mi(win)(km((was - V)u), wa (W - V)V))u
MeM,

@ grad-div

th(Wh; u, V) = Z ’yM(WM)(V -u, V- V)M
MeMy
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Stabilized Spatial Discretization

Stability and Existence

Stabilized Problem

Find U, = (uh,ph) : (0, T) — Vhdiv X Qh, s.t. VYV, = (Vh, qh) € Vhdiv X Qh

(Oeun, vi) + Ac(un; Un, Vi) + (sh + ta)(un; un, vi) = (F, va)

Stability

Define for V € V x @ the norm |||V||[2ps := v||VV|]® + (s + ts)(V, V). Then
the following stability result holds:

t
lua(t)1 20 +/O Un(s)l|7ps ds < [un(0)]72(q) + 3IIFlI 20, 7120

A

Corollary (using the generalized Peano theorem)

3 discrete solution uy, : [0, T] — V4 for the LPS model.
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Stabilized Spatial Discretization

Theorem (A., D., Lube 2014)

Assume a solution according to

u e [L>(0, T; Wh(Q)) N L2(0, T; [WK2(Q))]°,
dwu € [L2(0, T; WR2(Q))]Y, p e L0, T; W3(Q)).

Daniel Arndt LPS for Laminar and Turbulent Flow 12



Stabilized Spatial Discretization

Theorem (A., D., Lube 2014)

Assume a solution according to

u e [L>(0, T; Wh(Q)) N L2(0, T; [WK2(Q))]°,
dwu € [L2(0, T; WR2(Q))]Y, p e L0, T; W3(Q)).

Then we obtain for e, = un — jyu:
leslioereaan + | Hes(rlfisr

d 1
<SRk cewyt—7) | . (d 1 2
Z / min (l/7 ,.YM)lp(T)lwk’Z(WM)
+ (1+ vRey + mmlum|* + dYM)|U(T)ﬁ/vk+1,2(wM)

- Taalum PO stz Oty I
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Stabilized Spatial Discretization

Theorem (A., D., Lube 2014)

Assume a solution according to

u e [L>(0, T; Wh(Q)) N L2(0, T; [WK2(Q))]°,
dwu € [L2(0, T; WR2(Q))]Y, p e L0, T; W3(Q)).

Then we obtain for e, = un — jyu:
leslioereaan + | Hes(rlfisr

d 1
<SRk cewyt—7) | . (d 1 2
Z / min (l/7 ,.YM)lp(T)lwk’Z(WM)
+ (1+ vRey + mmlum|* + dYM)|U(T)ﬁ/vk+1,2(wM)

- Taalum PO stz Oty I

with Rey := w s €{0,---, k} and the Gronwall constant
Co(u) = 1+ Clule (o, rwroo(@)) + Chllullfoe (o 7.0 ()
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Stabilized Spatial Discretization

Choice of Parameters and Projection Spaces

We achieve a method of order k provided

VR < C o hy < C— YV

[[ull oo (m)
2(k—s)
Tm|uM‘2h§/(ls_k) <C=>mwm< 7'0‘,:;17‘2

1
max{—,ym} < C =y ="
™M

Examples for suitable projection spaces

@ One-Level: Q«/Qx—1/Q¢, Px/Pi—1/Ps, Q/P_(x—1)/P¢
@ Two-Level: Py /Pik_1/Pt, Qu/Qx—1/Qt, Qu/P_(k—1)/P¢

Vi<k—1
Vi< k—1
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Numerical Results

Overview

© Numerical Results
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Numerical Results
0®0000

Couzy Testcase

Choose f such that the following pair is a solution in Q = [0, 1]?:

. cos (3x)sin (5y) sin(—7z)
u(x) = sin(rt) sin 72rx) cos (5y)sin(—nz

)
2y)cos( 7Zz)
in (—

—
\-//—\

7z)sin (7t)
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Numerical Results
[e]eX Yolole}

Couzy Testcase

S
o
=)
. Qs /Q1/Qr Y = 1,7 =0
Q3 /Q/Qv v = 1,70 = 1/t 00 1
10} Q2/Q1/Q1 vy =1,y =0
+6212/Q1/Q1 Y= 1,7 = 1/Unm,M
.
1075 ‘ ‘ e
1/8 1/4 1/2 1 2 3 4
h

Figure: Errors for Re = 103 using periodic boundary conditions
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Numerical Results
00000

Couzy Testcase

1071 —

Q3 /Q1/Q1 vy =174 =0

Q3 /Q1/Qv v = 1,70 = 1/ul 114
Q2/Q1/Q1 vy =17y =0

Qo/Q1/Q1 Y = 1,7 = 1/113,"1,?3,/

—n?

105 : Y

1/8 1/4 1/2 1 2 3 4
h

Figure: Errors for Re = 103 using periodic boundary conditions
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Numerical Results
0000e0

Couzy Testcase

> Q+/Q1/Q1 yw=17my=0
/Ql/Ql Y™ = 1, s TM = l/umal M

10°° QZ/QI/QI =11 =0
~Q2/Q1/Qv v = 1,7n = 1/l 00
_hl,ﬁ
h2
10 6 ' ' ' ' J—
1/16 1/8 1/4 1/2 1 2

h
Figure: Errors for Re = 10% using inhomogeneous Dirichlet boundary data
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Numerical Results
oooooe

Couzy Testcase

>QF/Q1/Qi v =1,y =0
-A_Q;/Ql/Ql ™ = 177-4‘\'1 = 1/u$n,a.l;.ﬂ1
Q2/Q1/Qu v =1, =0
1073 7+Q12/Q1/Q1 =110 =1/u2 00
—_plS
h2

10‘1/‘16 1/8 1/4 1/2 1 2
h
Figure: Errors for Re = 103 using inhomogeneous Dirichlet boundary data
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Numerical Results
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Numerical Results
0®000000

Blasius Flow, Boundary Layer Equation

Consider the flow over an infinitesimal thin horizontal plate. Then
the Navier-Stokes equations simplify to Prandtl's boundary layer

equations:

2f///(’l7) + f(n)f//(n) — O
f(0)=0

o “o Upy)

fi(0) =0 — —=

! = — e BURR

Jim £(n) =1 = J—-
_,. [
=y 2ux
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Numerical Results
00®00000

Blasius Flow, v = 1073

—»— Blasius profile
<o - x=0.1
—%—x=0.5

x=0.9

4 6 8
n=y (u _(vx) "

Req =103, v=1,7y=0,h=27°
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Numerical Results
[ole]eY Yololele}

Choice of the Stabilization Parameter 7y,

Abb: a) ™ =0, b) ™ = h2/\uM|2, C) ™ = h/|uM|2, d) ™ = ]./|UM|2
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Numerical Results
00008000

Choice of the Coarse Space

1.2
1
08 '
8
> 06
E
—Reference profile
0.4 4Dy =Q1 v =1
Dy =Qo =1
0.2 4 =Dy =Qyry="h
4 Dy=0 my=1
- Dy=0 my=h
04 ‘

0 2 4 6 8
=y U frx)

Figure: Profiles for various coarse spaces Dy and 7y at x = 0.1 (left)
Profile u for Dy = () and 7y = 1 (right)
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Numerical Results
00000®00

Blasius Flow, v = 1073, grad-div

Refine cell K with midpoint (x,y) if |y| < ¢
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Numerical Results
000000®0

Blasius Flow, v = 1073, grad-div

Refine in the boundary layer
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Numerical Results
0000000e

Blasius Flow, v = 1073, grad-div

Refine cell K if Umax.k — Umink > 1/5
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Numerical Results
©000000000000

Overview

© Numerical Results

@ LPS for Turbulent Flow
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Numerical Results

O®00000000000

Energy Cascade

distributed like

E(k,t) = 3 u(k, t) - a(k,t)
1 1
k—i<k<k+1
A i ) -
e ' Kolmogorov's second hypothesis
Energy : Inertial Dissipation . . .
ity ooy range In the inertial subrange the energy is
ranj 1
J

E(k,t) = ag?/3k=5/3

assuming locally isotropic
. % turbulence.

1
1
1
1
1
1
1
1
1
i
l

1
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Numerical Results

00@0000000000

Taylor Green Vortex - Setting

Flow in a perodic box [0, 27]? for
Re = 10* and initial data

u Magnitude

Mf?m\\\\?\'5\\\\\\\\0\'\7\5\“

COS(X) sin(y) Sin(z) 185614 ;

ug = | —sin(x) cos(y)sin(z)
0

po = % (cos(2x) + cos(2y)) (cos(2z) + 2) .

The initial energy is concentrated on the
wave numbers k = (£1,+1, +1)

EO = 7T3]].k:2
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Numerical Results
000®000000000

Parameter Choice due to the Lilly argument

K

Tm(ﬁ(uM . Vuh), Ii(uM . Vvh)) ™ = TMW

Assumption for the Lilly argument

e = mllk(up - Vup)|>  E(k,t) = Koe?/3k=5/3

k¢ ks
H/iVuth—/ sz(k)dk_a/ K/3£2/3 dk

C

ke
:a/ 7203 (g - Vu)||*/3KY/3 dk
ke

h2/3ﬁ N B
= C o sl Tug) |47
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Numerical Results
0000®00000000

Parameter Choice due to the Lilly argument

h2/36 N B
|5V up|? = CWWFBHH(.JM - Vuy)|[#3h=4/3

3/2
~ _ [V up?[lupml [ I
=Ty = E = const.

h2/3/3—4/3 HF&(UM . Vuh)

3/2
e e Y h
= h2/36=4/3|up, [4/3

> || Vug|[Jup 72077

~ [luml| A7

Therefore y =5 =1
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Numerical Results
00000®0000000

Parameter Choice due to the Lilly argument

The LPS-SU stabilization has to satisfy 7y > ¢

||u [

Dum =@
h C
s=k=>c— <1ty < 3
Juml — Jum||
h
s=k—-1=c¢ < < Ci2
[upm|] Jum]|
h hk—s h2
s<k—-1l=c—<my<C 2§C >
Jum|| Juml| uml|
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Numerical Results
000000®000000

Energy Spectrum at t = 9, grad-div

10° -
7 = 1h= g
sy =1 h=11i6
AL y=1h=3|
107k s k2
102} :
L
103} :
1074} ]
_5 1
10
10° 10" 102
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Numerical Results

0000000800000

Energy Spectrum at t = 9, grad-div, LPS-SU

0
10
=T = 1 h:%
=T — 1h= ]176
T™M = 1h= é,
__k—5/3
102
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Numerical Results
0000000080000

Energy Spectrum at t = 9, grad-div, Smagorinsky

0
10 ‘ -
Comag =510 h =1
*Cynag = 5100 h = =
10-1 L Csmag:tr)'lo_sh:g%,
So __k—5/3
2 =
107 ¢ : N /‘\ E
w ‘ )
| %Kos
0% W " :
c‘
104 | T
5 .
10
10° 10° 102
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Numerical Results

0000000008000

Energy Spectrum at t =9, h =871

10°
-y =1
==TMN =1
Csmag = 5+ 1073 i
_ _k—5/3

102
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Numerical Results

0000000000 e00

Energy Spectrum at t =9, h =161

10°
-y =1
TN =1
- mag = 5 - 1073
107 s |

102
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Numerical Results

0000000000080

Energy Spectrum at t =9, h = 321

10°
>y =1
w1y =1
- Comag = D * 1073 |
107 =~ N _ _k,5/g

102
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Numerical Results
000000000000e

Energy Spectrum at t =9, h =871, |jug|| = 10

-2
10
2Ty =1
_ 1
PETM T Fuga]
5 M Sl
10 =ETM = ] 5
“Csmag = 5-107

k—5/3

1078 :
100 10" 102
k
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Summary

Summary

The Local Projection Stabilization approach provides
@ Stability and Existence

@ Quasi-optimal error estimates for standard discretizations
(e.g. Taylor-Hood)
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Summary

Summary

The Local Projection Stabilization approach provides
@ Stability and Existence
@ Quasi-optimal error estimates for standard discretizations
(e.g. Taylor-Hood)
Numerical results confirm analytical estimates:
o For analytical examples SU stabilization is not necessary, but
does not hurt either

@ For non-convex domain SU stabilization prevents development
of unphysical oszillations, parameters in the maximal possible
range show best results

@ We achieve satisfying results for isotropic turbulence,
comparable to Smagorinsky. Improvement of parameter
bounds by the Lilly argument.
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Thank you for your attention!
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