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Introduction

The Full Set of Equations

Velocity and Pressure
ou—vAu+ (u-V)u+Vp+2wxu=F,— g+ (V x b) x b,
V-u=0

Magnetic Field

Otb+ AV x (V x b) —V X (u x b) = fy,
V-b=0

4

Temperature

00 — a0 + (u- V)0 = f
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Introduction

Local Projection Stabilization

@ Separate discrete function spaces into small and large scales

@ Add stabilization terms only on small scales.

Notations and prerequisites

e Family of shape-regular macro decompositions { M}
o Let Dy C [L®(M)]? denote a FE space on M € My,

o For each M € My, let mp: [L2(M)]9 — Dy be the
orthogonal L?-projection.

@ kp = Id — mpy fluctuation operator

o Averaged streamline direction uy € RY:
lum| < Cllul| s (mys lu = umll Loy < Chmlulwro(my
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Introduction
Assumptions

Assumption - Approximation
It holds for all w € W'2(M), M € My, and | <s < k

lkmwll2my < Chillwllwizmy

v

Assumption - Inf-Sup Stability

Consider FE spaces (V},, Qp) satisfying a discrete inf-sup-condition:
inf sup (V-v.q)

a€@\{0} vevy\foy Vi@ llalle)

= V" :={vh € Vi | (V- vh,qn) =0 Vqu € Qn} # {0}

>p5>0
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Rotating Frame of Reference
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Rotating Frame of Reference
Rotating Frames of Reference

Navier Stokes Equations in an Inertial Frame of Reference

@—F(U-V)u—z/Au—i-Vp:f inQx(0,7)

ot
V-u=0 inQ2x(0,7)

Q c R? bounded polyhedral domain

Navier Stokes Equations in a Rotating Frame of Reference

%+(V'V)V—VAV—|—2UJXV—|—V5:f in Q2x (0, 7)

V-v=0 inQx(0,T)

u.:><(c.;><r):—%V(o.,v><r)2 5:p—%(w><r)2
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Rotating Frame of Reference
®00

Weak Formulation

Find Uy, = (up, pp) : (0, T) = V' X Qp, such that
(Octp, vi) + Ac(up,Up, Vi) + (2w X up, vy) = (f,vp)

for all Vi = (vp, qn) € Vi X Qp

where

Acg(w; U, V) = ag(U, V) + c(w; u,v)
ac(U,V) = V(Vu Vv)—(p,V-v)+(q,V - u)

((w-V)u,v) = ((w-V)v, u)
2

c(w,u,v) =
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Rotating Frame of Reference
oeo

Stabilization Terms

@ LPS Streamline upwind Petrov-Galerkin (SUPG)

suwhiun,va) = Y Tm(wm)(Em((Wa - V)un), km((Wa - V)vh))um
MeMy

@ grad-div

ta(Whi uh, vi) = Y m(wm)(V - un, V- vi)u
MeMy

@ LPS Coriolis stabilization

an(Wh; Up, vp) := Z am(wm)(km(wm x up), Epm(wm X vih))m
MeM,,
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Rotating Frame of Reference
ooe

Convergence Result

For a sufficiently smooth solution we obtain for e, = up — jyu:

t
||eh||%°°(0,t;[L2(Q)]d)+/o llen(7)ll|Eps dT < Cexp(Cot)h*"

with a Gronwall constant
Co(u) =1+ C|"’L°°(0,T;W17°°(Q)) + Ch”“”%oo(o,r;wl,oo(g))

The parameters have to satisfy (1 < s < k):

h2(k—s)
hy < L ™ < 7—0’\/’72
Huh||L°°(/\/l) lum|
h2(k—s—1)
M = Yo ay < ap——
Tl
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Rotating Frame of Reference
©000000000

Numerical Results, Rotating Poiseuille Flow

o Q=[-22x[-1,1]

_ (1_y270)T’ X = =2 . _ _
e u(x,y)= {(O,O)T, yl=1" (Vu-n)(x=2,y)=0

o uy=0, pp=0, f=0 w=(0,0100), v=103

Flow for the parameters w = (0,0,1), v = 107!
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Rotating Frame of Reference

0®@00000000

Rotating Poiseuille Flow, grad-div
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Rotating Frame of Reference
00@0000000

Rotating Poiseuille Flow, grad-div
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Rotating Frame of Reference
000@000000

Rotating Poiseuille Flow, SUPG Coriolis
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Rotating Frame of Reference
0000®00000

Rotating Poiseuille Flow, SUPG Coriolis
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Rotating Frame of Reference
00000®0000

Rotating Poiseuille Flow, SUPG Coriolis Adaptive

Q
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Rotating Frame of Reference
0000008000

Rotating Poiseuille Flow, SUPG Coriolis Adaptive

01 02 03 04 05 06 07 08 09 1 11 12 13 14 15 16 1.7 18 19 2
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Rotating Frame of Reference
0000000800

Taylor-Proudman, Stewartson Layer

Navier Stokes Equations in a Rotating Frame of Reference

%+R0(u.v)u+2ézxu:EkAu—Vp
V-u=0
u = rsinfé, atr=r;
u:O atr:ro
ri=1/2 ro =3/2
v
Ro := AQ/Q Ek = ———
° / Q(ro — ri)?
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Rotating Frame of Reference
0000000080

Taylor-Proudman, Stewartson Layer

Fluid structure between two rotating spheres

Figure: Ek =107°
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Rotating Frame of Reference
000000000e

Taylor-Proudman, Stewartson Layer

Fluid structure between two rotating spheres

Figure: Ek =107*Ro = —.5
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Nodal-based MHD
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Nodal-based MHD

Incompressible Nodal-based MHD - Joint work with

Benjamin Wacker

Stationary Linearized Incompressible Nodal-based MHD model

—vAu+(a-V)u+Vp—(Vxb)yxd = f,

V-u = 0,
AV X (Vxb)+Vr—Vx(uxd) = fp,
V-b = 0

u velocity field, p kinematic pressure

a extrapolation for u

o
o
@ b induced magnetic field, r magnetic pseudo pressure
o d extrapolation for b

o

v kinematic viscosity, A magnetic diffusivity
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Nodal-based MHD
Weak Formulation

Find U) = (uh, bh,ph, rh) e Vy x Cpx Qp xSy such that
Acu(Un, Vi) + A p(Un, Vi) = (Fu, v) + (Fb, €),

for all Vy, := (vh, €h, qn,sn) € Vi X Cp X Qp X Sh.

Ac.u(U, V) =v(Vu,Vv)+(a-Vu,v) — ((Vx b) xd,v)
-, V-v)+(V-u,q)

Ac (U, V) =XV x b,V xc)—(Vx(uxd),c)
+(Vr,c)—(b,Vs)
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Nodal-based MHD

Stabilization

e LPS-SU

si(up, vi)m = Tsu(km((anm - Vun), sm((@m - VIva))m

(]

grad-div velocity
s2(up, vi)m = Ted,u(V - up, V- vy

@ LPS-Lorentz

s3(bn, cn)m = Tror(km((V X bp) X du), km((V X €p) X dp))m
@ LPS-Induction

sa(tp, vi)m = Tind(Em(V X (up X dm)), kp(V X (v X dy)))m
@ PSPG

s5(rh, sn)m = TpspG(Vrn, Vsp)m

@ grad-div magnetic

S6(bn, €h)m = Tgd b(V - bp, V - €p)m
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Nodal-based MHD
°

Convergence Result

For sufficiently smooth solutions we obtain:
[Up — U|Ig + |Un — UllEes

< O3 3 (101 00y + 1Bty + Py )
M

with a parameter choice according to

hy < Cmin { vV VA Vv }
B alloo,m” dlloon ™ l1dloo,m + IVl oo,m
hﬁk—s) hi/(lk_S)
Tsu < CW Tad,u ~ Y0 TLors Tind < CW
2
TPSPG ~ LOT’m Ted,b ~ /Z?)\
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Nodal-based MHD
©0000

Analytical 2D Problem

Consider on Q = (—1,1) x (—1,1) for t € [0,0.1] the solution:

u(t,x,y):=b(t,x,y)

() (o 55) o 50)

p(x,y)=x*+y%  r(x,y):=0

Boundary conditions: u|pq = up nxb=nxbp
Parameters:
At =107%, v =105, A=10"°
h?\ L3
T2 ) 75 L% ) T6 \ ) 0

Ansatz spaces: V,/Qn = Ch/Sh = [Q2]? /Q1
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Nodal-based MHD
0®000

Convergence Results

102 10°
L2 L)
—n® —n?
10° 1 107
1072 1 10
10 1 10°
107 1 10°®
108 10710
1072 10 10° 10t 1072 107t 10° 10t

Figure: L2(Q) Errors for the 2D-time-dependent analytical problem
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Nodal-based MHD
00®00

Convergence Results

H () L(curl(b))
h? —n?
10° 7 100
107t 1 10t
1072 1 102
10 1 107
10 i 10*
10° 10°
1072 10 10° 10t 1072 107t 10° 10t

Figure: Errors for the 2D-time-dependent analytical problem
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Nodal-based MHD
000®0

Convergence Results

10 1 T T 10 1 T T
Li(dw(u)) LQZ(div(b))
0 ——n ] h
10 102
10 -1 4
107
10 -2 4
107
-3 4
10
10°®
10 -4 o
-6
10 4 0
10 107
1072 10 10° 10t 1072 107t 10° 10t

Figure: Divergence Errors for the 2D-time-dependent analytical problem
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Nodal-based MHD
[elelelel ]

Convergence Results

L)
vz

Figure: Pressure Errors for the 2D-time-dependent analytical problem
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Non-Isothermal Flow

Table of Contents

© Introduction
© Rotating Frame of Reference
© Nodal-based MHD

@ Non-lsothermal Flow
@ Analytical Results
@ Numerical Results

Daniel Arndt Application to Coupled Flow Problems 32



Non-Isothermal Flow

Non-lsothermal Flow - Joint work with Helene Dallmann

Oberbeck-Boussinesg-Model
otu—vAu+ (u-V)u+Vp=fF,—lg
V-u=0
0 —alNf+ (u-V)0 =1

o velocity u, kinematic pressure p, temperature 6

o thermal diffusivity «, thermal expansion coefficient 3,
gravity g
@ small temperature differences = density g = const.
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Non-Isothermal Flow
Weak Formulation

Find (L{h,eh) = (Uh,ph,eh) : (O, T) — V;,ﬁv X Qp X ©p such that

(Ortun, vh) + A u(un,Up, Vi) = (f,vh) — (BOhg, vh)
(0¢bh, ¥n) + Ac o(Un, On,n) = (fg,n)

for all (Vp,¥n) = (Vh, Gn, ¥n) € Vi X Qp X O

where
A u(w;U, V) = ac(U, V) + c(w; u,v)
ag(Ll V) :=v(Vu,Vv)—(p,V-v)+(q,V - u)
Ago(u,0,v) = (V9 Vi) 4 c(u;6,9)
o) o (0 T)0) — (T )

2
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Non-Isothermal Flow
Stabilization terms

@ LPS-SUPG for the velocity

su(up; wh,vp) = Z Tm(un) (5 (up - Vwe), ki (up - Vvp))m
MeM,

e grad-div

th(Un; On, p) = Z (up)(V - wp, V- vip)u
MeM,

@ LPS-SUPG for the temperature

so(un: On, 0n) = > Tip(um) (s (un - VOn), K4 (uns - Vo)) m
MeM,,
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Non-Isothermal Flow
[1e}

Convergence Result

For sufficiently smooth solutions we obtain for e, = u — uy and
e =0 — 0y:

t
||eh|\foo(o,t;Lz(m)+/o 1(en(r), 0)ll[Zps dr

t
- lep]Boe o2y + / lleo(r)]2ps dr < O(P¥)

with a parameter choice according to

hy < CL hy < CL
||u||L°°(M) ||u||L°°(M)
h2(k—s) h2(k—59)
™ = T07|UM|2 ™ = T0’07|UM|2
™M = Y0
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Non-Isothermal Flow
oce

Bubble Enriched Ansatz Spaces

Enrich the tensor product-polynomial space Q to obtain

Q(T) == Qu(T) +-span{&F i=1,...,d}

with bubble functions

Y(%) =1L, (1 - £2) .

Used spaces

@ Taylor-Hood elements (Q./Q;) for velocity and pressure
@ Q,or Qj for the temperature

@ Q) for the projection spaces
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Non-Isothermal Flow
[ Jelelelololele}

Rayleigh—Bénard Convection

Flow driven by temperature difference )

Dirichlet BC's for bottom and top plate:
obottom = 0'55 otop = —0.5,

and isolating hull:

n-. V9|r:0,5 =0

R=5 H=1 g=1 No-slip boundary conditions for the velocity:
v = Pr—0.5 . R30'5

u—= 0‘39
a=Ra 5. pr05
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Non-Isothermal Flow
[e] Ielelololele}

Isosurfaces of the Temperature, Pr = 0.786

Figure: Isosurfaces of the Temperature, T = 1000, Pr = 0.786,
Ra = 10% Ra =107, Ra=10° N =10-163, vy = 0.1
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Non-Isothermal Flow
[e]eY Ielololele}

Benchmark quantity - Nusselt number

@ Heat flux: bottom (warm) = top (cold)
g, := U0 — ad,0
@ Nusselt number

L

NU(ZO, t) = m

<qz>z:zo (207 t)

convective heat transfer
conductive heat transfer

@ Nu(zy, t) independent of z for a stationary temperature field.

measure for
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Non-Isothermal Flow
[e]eleY Yololele}

Time-development

10 50
Nu® Nuts
Nu(z = 0) Nu(z = 0)
8 Nu(z = 0.5) 40 Nu(z = 0.5)
“““““““““““ Nuref e Nt

Nu(t)

gj 5 ZZ hHﬂM ,lL!ﬂ

t t

Figure: Time-development of Nu for t € [0,300], i = 0.1 Pr = 0.786,
Ra = 10° und Ra = 10" (N = 10-8%)
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Non-Isothermal Flow
0000®000

Dependence on Ra (N = 10 - 8% cells)

Ra | vm Nu2ve o Nu'sf [DNS]

10°| 0 3.8396 0.0356 3.83
1 3.8364 0.0307
0.1 | 3.8372 0.0303

10| 0 8.6457 0.3378 8.6
1 8.5148 0.0542
0.1 | 8.6475 0.0190

10| 0 16.4143  1.8302 16.9
1 16.7361  0.1569
0.1 | 16.8767 0.1068

108 | 0 | 37.7301 29.4731 31.9
1 | 30.7236  0.7044
0.1 | 31.2902 0.6957
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Non-Isothermal Flow

[elejelele] Jlole}

Isotropic Mesh, Ra = 10° (N = 10 - 8°)

0 av avg f
™o Ty T ‘ Nuldih Old,th ‘ Nuig o Old,bb Nu'

001 O 0 | 41.4584 40.1989 | 47.5335 23.4029 | 63.1
0.01 hul O | 38.7093 43.0326 | 44.2998 24.7851
0.01 0 hul | 37.6081 10.8360 | 54.2603 16.5349
0.01 hul hul | 37.0516 10.3065 | 49.1255 12.9235

th: (Q2/Q1) A Q1 A (Q2/Q1),
bb: (QF/Q1) A Q1 A (QF/Q1)

hul: 7o/ = 3h/l|uhloom/e
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Non-Isothermal Flow

000000 e0

Anisotropic mesh, Ra = 10° (N = 10 - 83) cells

w o Th T NuZ,® Oth Nug,® Obb Nuref
0 0 0 118.7932 137.5588 63.1

0.01 0 0 55.5231 1.3464 58.1419  1.4833

0.01 hul 0 53.8371 1.4130 58.2691 1.4702

0.01 0 hul | 52.4530 3.4847 56.5274  3.0578

0.01 hul hul | 51.8141 3.4344 54.0410 3.3333

th: (Qz/@l)/\(@l/\(@2/(@l)v
bb: (Q3/Q1) A Q1 A (QF/Q1)

.ou/0
hul: ML=

3h/ oo my
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Non-Isothermal Flow
0000000e

Vary Discretization

‘ #cells ‘ #DoF(u) #DoF(p) #DoF(6) ‘ Nu® 001 Oyy=0.01

th | 10-83 129,987 5,729 43,329 | 55.5231 1.3464
bb | 10-83 176,067 5,729 58,689 | 58.1419 1.4833
th | 10-16% | 1,011,075 43,329 337,025 | 60.4889 1.1574
bb | 10-16% | 1,379,715 43,329 459,905 | 61.3628 0.4668

0.14
0.135 3 0 o8
- 14
2 0413 ¢
& 3 00 o
X N=10-8 th
=012
2 0-125 o N=10-8 bb X 5
S 012 # N=10-16" th
z 0 N 3
O N=10-16° bb
0.115 & [WSW12] o
[BCES10]
0.11 X
10° 10° 107 108 10°

Ra
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Summary

Summary

Analytical and numerical framework for LPS stabilized model of
incompressible flow with

@ rotating frames of references
@ temperature coupling
@ magnetohydrodynamic coupling

Next step: Combine all of these!
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Summary

References

@ Daniel Arndt, Helene Dallmann, and Gert Lube, Local Projection
FEM Stabilization for the Time-Dependent incompressible
Navier-Stokes Problem, Numerical Methods for Partial Differential
Equations 31 (2015), no. 4, 1224-1250.

@ Daniel Arndt and Gert Lube, FEM with Local Projection
Stabilization for Incompressible Flows in Rotating Frames, Preprint.

@ Helene Dallmann and Daniel Arndt, Stabilized Finite Element
Methods for the Oberbeck-Boussinesq Model, In Preparation.

[§ Helene Dallmann, Finite Element Methods with Local Projection
Stabilization for Thermally Coupled Incompressible Flow, Ph.D.
thesis, Georg-August-Universitat Gottingen, 2015.

@ Benjamin Wacker, Daniel Arndt, and Gert Lube, Nodal-Based Finite
Element Methods with Local Projection Stabilization for Linearized

Incompressible Magnetohydrodynamics, CMAME (2015).

Daniel Arndt Application to Coupled Flow Problems 47



Thanks for your attention!
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